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HIGHER CHOW GROUPS WITH MODULUS AND RELATIVE 

MILNOR A-THEORY 

KAY RULLING AND SHUJI SAITO 


Abstract. Let JA be a smooth variety over a field k and D an effective divisor 
whose support has simple normal crossings. We construct an explicit cycle 
map from the Nisnevich motivic complex Z(r)x|D,Nis of tho to 

a shift of the relative Milnor JA-sheaf Nis i^yD). We show that 

this map induces an isomorphism — J^’'(^Nisy ^^xln Nis)> 

for all i > dimX. This generalizes the well-known isomorphism in the case 
D = 0. We use this to prove a certain Zariski descent property for the motivic 
cohomology of the pair (A^, (m + 1){0}). 
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Introduction 

Recently several attempts have been made to introduce a theory of motivic 
cohomology with modulus. The first attempt was due to S. Bloch and H. Esnault 


The first author was supported by the ERC Advanced Grant 226257 and the DFG Heisenberg 
Grant RU 1412/2-1. The second author is supported by JSPS Grant-in-aid (B) #22340003. 
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QBE03a] . [BE03b) l who introduced additive higher Chow groups of a field k. It 
is conceived as motivic cohomology for k[t]/{P), or an additive version of Bloch’s 
higher Chow group for a pair (A[,, 2-{0}) of the affine line over k with modulus 2- 
{0}, where {0} denotes the origin of A^ regarded as a divisor. They showed that the 
part given by zero-cycles of these groups coincide with the absolute differential forms 
of k. The first author [RiilOTj generalized this computation to the case k[t]/ 
for arbitrary to > 1 and proved that these groups give a cycle theoretic description 
of the big de Rham-Witt complex of Hesselholt-Madsen |HM01) of k. Park |Par09| 
extended the definition of Bloch-Esnault to introduce additive higher Chow groups 
TCH'’(Ar, n; to) for a fc-scheme X. The groups studied by Bloch-Esnault and Riilling 
correspond to the case X = Speck and r = n. Motivated by a work |KeS14) of 
Kerz and the second author, Park’s definition is extended in [BS14] to higher Chow 
groups CH'^(X|£),n) for a pair (X,D) of an equidimensional fc-scheme X and an 
effective Cartier divisor D on X. For {X, D) = {Y x A^, (to -I- 1) ■ (E x {0})), with 
Y an equidimensional A:-scheme and m > 1, we have 

(1) Gll^{X\D,n) = TCR^{Y,n + l;m). 

The definition of C¥Y{X\D^n) is given by 

( 2 ) CW{X\D,n)=Hr,{z'-{X\D,.)), 

where z'^{X\D,») is the cycle complex with modulus, which is a subcomplex of the 
cubical version of Bloch’s cycle complex z^{X, •) consisting of those cycles satisfying 
a certain modulus condition. In particular we have a natural map 

CR^iX\D,n) CR^{X,n), 

where CH’'(X, n) = Hn{z’'{X, •)) is Bloch’s higher Chow group (see )JT]for other ba¬ 
sic properties of CGY{X\D, n)). As in the case of Bloch’s cycle complex, z'^{X\D, •) 
gives rise to a complex z'^{—\D, •) of etale sheaves on X. In case X is smooth over k 
we define the r-th motivic complex of {X, D) to be the following complex of Zariski 
sheaves on X 

Z(r)x|D := z'^{-\D,2r - •). 

We denote by 

'^{r)x\D,Nis 

the corresponding complex on ATnis- The motivic cohomology of (X, D) is by defi¬ 
nition (see [BSn Def 2.10]) 

(3) HX,{X\D,Z{r)) := H*(Azar,Z(r)x|D). 

If D = 0 we get back Bloch’s definition of the motivic complex and motivic 
cohomology. We simply write Z{r)x and H\^{X,Z{r)) instead of Z{r)x\o and 
H^{X\0,Z{r)). We define the motivic Nisnevich cohomology of {X,D) to be 

HX,^xis{X\D,Z{r)) := H\Xxis,Z{r)xiD)- 
An important property of the classical motivic complex is the cycle map to the 
Milnor AT-sheaf: 

(4) (j/x ■■ T>rZ{r)x [-?'], 

which is a map in T>^(Azar) the derived category of bounded complexes of Zariski 
sheaves on X fsee 12.1. 1] for the definition of the Milnor AT-sheaf IC^x)- By the 
Gersten resolution for higher Chow groups, one knows that cjfx is actually an iso¬ 
morphism. In fact one can realize cjYx as an explicit morphism of actual complexes 
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from T>rZ(r’)x to the Gersten complex of /C^ [—r]. This construction is well known 
to the experts but due to the lack of a reference, we include its review in H3.ll The 
first main result of this paper is a construction of the relative version of (|^: 

(5) '/>x|D : T>rZ{r)x\D K^^x\D[-r], 

where JCx\d relative Milnor i^T-sheaf for (X, D), which is a subsheaf of /C^ 

(see Definition 12.dp . Unfortunately we can construct it as a morphism in 'D^{Xzar) 
only assuming Dj-ed is smooth. If Dj-ed is a simple normal crossing divisor (SNCD) 
on X, we can construct a natural map in I?^(XNis): 

(6) '(’x|D,Nis ■ '^>rZ(l’)x|D,Nis —t ^^X|D.Nis[“^] 

fitting in the following commutative diagram 

X ‘^Xln.Nia 

T>r2(r)x|D,Nis ^^r,X|D,Nis[ U 


T> 


.Z(r) 


X,Nis 


r 

■ ^r,X,NisL 


where (px nis i® the Nisnevich sheafication of (px ■ In fact we show that the Cousin 
complex of is a resolution (see Corollarv l2.24l) and we can realize Px\D Nis 

as an explicit morphism of complexes from T>rZ(r)x|D,Nis to the Cousin complex 
of K^^x\d Nis[“^]- inclusion IC^x\d nis ^ ^^,Nis induces a natural map from 
the Cousin complex of j^j^, to the Gersten complex of IC^x,Nis nnd there is 

a diagram of morphisms between actual complexes underlying the above diagram. 
We will prove the following. 

Theorem 1 (Theorem 13.81) . Let X be a smooth equidimensional scheme of di¬ 
mension d = dimX and D an effeetive divisor such that D^ed is a simple normal 
erossing divisor. Then: 

(i) HX,{X\D,Zir)) = 0 = iIj^_Nis(^lAZ(r)) fort>d + r. 

(ii) The eycle map Z(r)x|D.Nis -S' r>r'Z{r)x\D,ms induces 

an isomorphism 

^x]D.ms ■■ ^ H^{X^i^,JC^xiD,ms)- 

If moreover Dred is smooth, then all maps in the following commutative dia¬ 
gram are isomorphisms 


H^^^iX\D,Z{r)) 


^X\D 


Ht^;xisiX\D,Z{r)) 


±d,r 

i^XID.Nis 


Tjdfv v'M \ — , zjdfv v'M \ 

H (Azar V^Nis, 


As an application of Theorem [TJ we will prove the Zariski descent property for 
additive higher Chow groups (see Theorem [3] below). From (I2|) and we have a 
natural map 

(7) 


CH'-(X|D,n) ^ i?^-"(X|D,Z(r)). 
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In the classical case where I? = 0, ([71) is an isomorphism, which is known as the 
Zariski descent property for Bloch’s higher Chow groups. It is a consequence of 
the Mayer-Vietoris property of Bloch’s cycle complex z''(X, •) which follows from 
the localization theorem for the complex. In case 7 ^ 0, it is not clear whether 
z'^{X\D^») has some reasonable localization property at all. On the other hand, 
the higher dimensional class field theory with wild ramification suggests that the 
Nisnevich descent property for higher Chow groups with modulus is related to some 
deep arithmetic questions. As a consequence of [KeS14[ Theorem III], we have the 
following result. 

Theorem 2. Let X he a smooth projective variety of dimension d over a finite 
field k and U G X be the open complement of a SNCD on X. Write CH'’*(A'|ZI) = 
CH“(A|ZI,n) for n = 0. Then the natural map 

(8) ^ CJi\X\D) ^ ^ Z{d)) 

D D 

is an isomorphism, where the limit is taken over all effective divisors D on X 
supported on X — U. 

Indeed, by |BS141 Theorem 3.3] the group CH‘^(A|i4) is equal to the Chow group 
of zero-cycles with modulus denoted by C{X,D) in |KeS14) . and by Theorem [1] 
the group H'jfj^ ^■^^{X\D,Z{d)) is isomorphic to Nis) ''^hich is the 

idele class group used in the class field theory of Kato-Saito [KS 86 ] . We have a 
commutative diagram 



where Trf^{U) is the abelian fundamental group of U and (resp. is 

the reciprocity map from |KeS14] (resp. [KS 86 ]). The reciprocity maps 
and Py“'^ were shown to be bijections onto the subgroup of Trl^{U) consisting of 
those elements, whose images in 7 r^*’(Specfc) are integral powers of the Frobenius 
substitution of k. These clearly imply Theorem [2] On the other hand, one can 
deduce |KeS141 Theorem III] from the Kato-Saito class field theory assuming ([5]) is 
an isomorphism. 

Using Theorem [1] one can find examples, where the map ([7]) or its Nisnevich 
version 

(9) CW{X\D, n) ^ Hjff^\{X\D, Z(r)) 

are not isomorphisms, see Remark 13.131 These examples however arise from the 
fact that, if r < dim A and n = r — dim A, the right-hand side of the above map 
does not necessarily vanish. At this moment we don’t have any definitive idea on 
what to expect for n > 0. In this paper we only present the following special case. 

Theorem 3 (Theorem 14.121) . Let k be a field of characteristic 7 ^ 2. The natural 
maps 

(10) CH'-(Ai|(m + l){0},r-n)^FIj;+"(Ai|(m + l){0},Z(r)), n > 1, 
are isomorphisms. 
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Notice that the right hand side of (fT0)l is isomorphic to the Nisnevich motivic 
cohomology + l){0},Z(r)) by Theorem[T] Notice also that the left 

hand side of m is TCH’'(fc, r — n + 1; m) (cf. (H])) which is clearly zero for n > 2 
and the right hand side is zero by Theorem [TJ We prove the isomorphism (1101) for 
n = 1 by constructing the following commutative diagram for all r, m > 1 

CH'-(Ai|(m + l){0},r - 1) ^ > H;+\Al\{m + l){0},Z(r)) 



-i-^ U^K^{kiiT)))/U^+^K^{k{{T))). 

where a is up to sign the isomorphism from |B,iil07| . /3 is an isomorphism deduced by 
using Theorem[l] and 7 is an isomorphism following from a comparison isomorphism 
between the big de Rham-Witt sheaves and relative Milnor it'-sheaves established 
in Theorem l4.8l which is reminiscent of Bloch’s original construction of the p-typical 
de Rham-Witt complex in |Blo77) . 

The following theorem was suggested by the referee. 

Theorem 4 iTheorem 15.11) . Let k be a field and X a smooth equidimensional k- 
scheme of dimension d, D an effective Cartier divisor on X such that is a 
simple normal crossing divisor. Then we have, for all n > 2 and all non-negative 
integers mi,..., mn, 

n 

Xfc K\{P*D -b ^ m. • qaO}), Z(r)) = 0 , 

i=l 

where qi : X Xk —>■ A^ denotes the projection to the i-th factor of AJ! and 

p : X Xk A^ X is the projection. 

This gives another example, where (jH]) is an isomorphism, since the vanishing 
CH'’(X Xfc Aff\{p*D -b — (d + n)) = 0, for n >2, was proven in 

IKRlbl Thm 5.11]. 

Acknowledgements. The second author wishes to thank heartily Moritz Kerz, 
Lars Hesselholt and Federico Binda for inspiring discussions. He is also very grateful 
to the department of mathematics of the university of Regensburg for the financial 
support via the SFB 1085 “Higher Invariants” (Regensburg). The first author 
thanks Takao Yamazaki for discussions around Remark 13.131 The authors thank 
the referee for suggesting Theorem 2] 

Conventions. A fc-scheme is a separated scheme of finite type over a held k. A 
simple normal crossing divisor (SNCD) on a smooth fc-scheme X is by dehnition a 
reduced effective Cartier divisor A on A such that, if Ai,..., are the irreducible 
components of E, then the intersections (b • • • (b Ei^ are smooth over k and have 
codimension r in X, for all r G [1,n] and {ii,... ,ir) G [1,nj”. 

1. Cycle complex with modulus 

We recall the dehnition of Chow groups with modulus from |BS141 2.]. In this 
section k is a, held, X an equidimensional fc-scheme and D an effective Cartier 
divisor on X with complement U = X \ \D\. 
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1.1.1. Set = Proj k[Yo, Yi] and let y = Yi/Fo be the standard coordinate function 
on P^. We set 

□ = pi\{l}, □" = (Pi \{1})", n>l. 

By convention we set D® = Specfc. Let Qi : (P^)" —)> P^ be the projection onto the 
i-th factor. We use the coordinate system (?/i,... ,!/„) on (P^)" with = y o q^. 
Let F" C (P^)” be the Cartier divisor defined by {yi = 1} and put F„ = Yl'i=i 
A face of is a subscheme F defined by equations of the form 

Vh = = er, r S [l,n], (ii,...,F) € [l,n]’',ei^. e {0,oo}. 

We denote hy ip ■ F ^ the closed immersion. For e = 0, oo and i G [1, n], let 

: □"-! -A □" 

be the inclusion of the face of codimension 1 given by yi = e. 

Definition 1.1. For r, n > 0 we denote by C"'(A'|Z1, n) the set of all integral closed 
subschemes Z C U x □” of codimension r which satisfy the following conditions: 

(1) Z intersects U x F properly for all faces F C 

(2) The case n = 0: The closure of Z in X does not meet D. 

(3) The case n > 1: Denote by Z C AT x (P^)" the closure of Z and by 
v-g : Z ^ X X (P^)" the composition of the normalization Z ^ Z followed 
by the closed immersion Z ^ X x (P^)”. Then the following inequality 
between Cartier divisors holds: 

(1.1.1) 4(D X (pi)") < 4(X X Frf). 

An element of C^{X\D^n) is called an integral relative cycle of codimension r for 
{X,D). 

Lemma 1.2. Let Z' G Z he integral closed subschemes in X x (P^)" intersecting 
the Cartier divisors D x (P^)" and X xFn properly. Let vz '■ Z ^ X x (P^)" he the 
composition of the normalization Z ^ Z with the natural inclusion Z ^ X x (P^)" 
and similar with vz' : Z' ^ X x (P^)". Then the inequality v%{D x (P^)") < 
i'*z{X X Fn) implies the corresponding inequality with vz replaced hy vz'- 

Proof. This is essentially |KP12[ Prop 2.4], see |BS14[ Lem 2.1] for the version we 
need here. □ 


1.1.2. Chow groups with modulus. Denote by {X\D,n) the free abelian group on 
the set C^{X\D, n). By Lemma lOl there is a well-defined pullback map (idx xjj.)* : 
^{X\D,n) —>■ ^{X\D,m) for any m-dimensional face D™ = F C We obtain 
a cubical object of abelian groups (see e.g. |Lev091 1.1]): 

n !->■ zf{X\D, n) {n = {0, oo}", n = 0,1, 2, 3,...). 


For each n we have the subgroup F{X\D,n)degn of degenerate cycles, i.e. those 
cycles which come from ^^{X\D, n — 1) via pullback along one of the n projections 
[/ X □"—>•[/ X We set 


z^{X\D,n) 


z^{X\D,n) 

Zf{X\D,n)degn 


The n-th boundary operator d : z'^{X\D, n) —)• z^{X\D, n — 1) is given by 


a = ^(-i)*(ar-a°), 
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where = (idjc x : z'^{X\D,n) —>■ z^{X\D,n — 1) is the pullback along the 
face {ui = e}. We get a complex z'^{X\D,»), which is the complex associated to 
the cubical object n i—>• z’’(X|D, n). The higher Chow groups of {X, D) are defined 
to be 

Gll'^{X\D,n) := Hn{z^{X\D,n)), n,r > 0, 
see |BS14l Def 2.5]. If D = 0 we get back Bloch’s classical definition of the cycle 
complex and higher Chow groups. We simply write z'^{X, •) and CH’^(X, n) instead 
of z'~{X\0,») and CH’’(X|0,n), respectively. 


1.1.3. Motivic cohomology with modulus. For an etale map V ^ X we denote by 
Dy the pullback of D to V. Then the presheaves 

z^HD, n) : Xet ^ {V ^ X) ^ z'^{V\Dv,n) 

are sheaves for the etale topology, a fortiori for the Zariski and the Nisnevich 
topology. In case X is smooth over k the r-th motivic complex of (X, D) is defined 
to be the complex of Zariski sheaves on X 


'^{r)x\D ■= 2r - •). 

We denote by 

^(^)x|D,Nis 

the corresponding complex on Xnis. The motivic cohomology {X, D) is by definition 
HX,{X\D,Z{r)) := i/*(Xzar,Z(r)x|D), 

see [BS141 Def 2.10]. If D = 0 we get back Bloch’s definition of the motivic complex 
and motivic cohomology. We simply write Z(r)x and H^{X,'Z{r)) instead of 
Z(r)x|o a-nd H^{X\0, Z(r)). We define the motivic Nisnevich cohomology of (X, D) 
to be 

HX,,^,,iX\D,Z{r)) := i/*(XNis, Z(r)x|D)- 


1.1.4. We give a list of properties and results: 

(1) The modulus condition (11.1.11) implies that any Z G C’'(X|I?, n) is already 
closed in X X Therefore there is a natural map 

CH''(XlD,n) ^ CH’'(X,n), 

where the right hand side is (the cubical version of) Bloch’s higher Chow 
groups. 

(2) The above definition generalizes the additive higher Chow groups defined by 
Bloch-Esnault and Park. In the case (X, D) = {Y x Aj., (m +1) • (X x {0})), 
with Y an equidimensional fc-scheme and m > 1, we have 

CH’'(X|D, n) = TCH''(r, n + 1; m). 

(3) There is a natural isomorphism 

CH’'(X|D,0) ^CH’'(X|D), 

where the right hand side is the group of r-codimensional cycles on [/ 
modulo “rational equivalence with modulus D”, see [BS14I 3.]. 

(4) Assume X is normal. Then there is a natural quasi-isomorphism 

Zx,n(l)=Ker(O^^Of,)l-l], 
see [B^ 1.5, Thm 4.3]. 
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(5) If X is smooth and D^ed is a simple normal crossing divisor, then there is 
a cycle map (j)x\D ■ '^{r)x\D ^x{—D) in the derived 

category T>~{X) of bounded above complexes of Zariski sheaves, see [BS141 
7.3]. For k = C, there are regulator maps from the motivic cohomology of 
{X, D) to a relative version of Deligne cohomology, Betti cohomology and 
a relative Abel-Jacobi map, see [BS141 8., 9.]. 

2. Relative Milnor AT-sheaves 

In this section fc is a field and X a smooth connected fe-scheme. We denote by 
the set of codimension c points in X and by r] the generic point of X . 

2.1. The Gersten complex of Milnor AT-sheaves. 

2.1.1. For r € Z we denote by K,^x Milnor AT-sheaf on X. By definition 

it is the Zariski sheaf which on an open R C X is given by 

/C5,(R) = Ker(/4^(fc(i7)) ^ 0 

xGvcunv 

where dx '■ K^{k{ri)) —>■ K^^{k{x)) denotes the tame symbol from |BT73[ §4]. In 
particular JC^x = 0 for r < 0, JC^x = ^ = ^x- There is a canonical 

resolution /C^ x flasque sheaves called the Gersten resolution (see e.g. 

[Ros961 Thm 6.1]) 

( 2 . 0 . 1 ) 

0 ^^ (fc(77))0 ix.Kf_^{k{x)) ^ 0 ix.K^_2i.Kx)) ^ : 


xeA(i) a;GX(2) 



where ix '■ x ^ X denotes the inclusion. 

By [KerlOl Prop 10, (8) and Thm 13] the stalk of X^x at x € X is the subgroup 
of K^{k{r])) generated by symbols of the form {oi,..., a,.}, G j,, be. 

(2.0.2) X^x,. = {Olx, ..., J C Xf (Mr?)). 

If k is an infinite field, then by [Ker09[ Thm 1.3 and Def 2.1] 

(2.0.3) /C5c = (0'')®^7X, 

where TZ C (O^)®*;*’ jg |;]^g subsheaf of abelian groups which is generated by local 
sections of the form 6i (g)... (g) bi-i (g) a ® (1 — a) (g) bi +2 0 ... (g) 7, where a G 
with 1 — a G Ox and bi G O^- 

In case X is not connected and X = UjXj is its decomposition into connected 
components with corresponding immersions ij : Xj ^ X, we set 

^^x ■= 

i 

2.1.2. By [KerlOl Prop 10, (11)] we have an isomorphism of Zariski sheaves 

X^x=n^mr)x). 

In particular Y H. H°{Y, X^y) defines a homotopy invariant presheaf with transfers 
on the category of smooth fc-schemes in the sense of [VoeOObl 3.]. Hence by [VoeOPbl 
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Thm 3.1.12] it restricts to a sheaf on the Nisnevich site Xnis, which we continue to 
denote by if want to stress that we are on Xnis by /C^ nis ■ 

2.2. Milnor iiT-sheaf of a complement of an SNCD. 


2.2.1. Let F be a scheme and T a sheaf of abelian groups on Y. Let Z C F 
be a closed subscheme and denote byj :F = Y \ Z ^ Y the inclusion of the 
complement. We denote by fh® sheaf on F of sections of J- with supports 

in Z and by T-V‘^[F) = the i-th cohomology sheaf with support in Z. For 

a scheme point y G Y, we also define 

HliT) := n^{T)y = 1115 
y(^u 

where y denotes the closure of ?/ in F and the limit is over all open neighborhoods 
of y. We have isomorphisms 

(2.0.4) and R^-^j4Tiv) = 'HziJ')^ for i > 2. 

Assume that the ideal sheaf X of Z C A is generated by a regular sequence of 
global sections ti,... ,tc G r(F, Oy)- Then we can use the Zariski cover 93 = {Vi = 
Y\V{ti), i = 1,... c} of F to build the Cech complex C*(93, X), which is a complex of 
sheaves on V resolving X|y. We obtain a natural map iL*(j*C*(93, X)) i?*j*X|y. 

For an element a G X(Fi fl... fl K) we denote by 


(2.0.5) 



eF(F,H|(X)) 


the image of a under the composition 


x(Vi n... n K) ^ r(F, if“-i(j,c*(93,x))) 

^ r(F,i?=-ij,(X|y)) r(F,?t|(X)). 

Lemma 2.1. Let E <Z X be a simple normal crossing divisor and denote by j : 
V ^ X the inclusion of the complement. 

Then TT^iJC^f^x) — 0 all i ^ 1. Furthermore, for r > 1 and x G E 

(2.1.1) {FlC^y). = {{OxAjV^- • ■ > iOxAj]^} c KAiHv)), 

where f G Ox,x is a local equation for E. 

Proof. First of all, notice that for a smooth closed subscheme Z C A of pure 
codimension c, we have Tzi^rx) = Hence Wzi^Ax) = 0 alH 7 ^ c 

Now for the lemma write E = where the Ei are the irreducible com¬ 

ponents of E. We do induction on n. If n = 1, i.e. X C A is a smooth integral 
subscheme of codimension 1 , the first statement follows directly from the remark 
above. For the second statement observe that we obtain the following exact se¬ 
quence from the long exact localization sequence 

(2.1.2) 0 ^ ^ ^ ^ 0, 

where i ■. E ^ X denotes the closed immersion and Be is induced by the symbol 
de : KA{klyi)) —>• Kff-iik^e)), with e G E the generic point. Clearly the right hand 
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side of (12.1. 1|) is contained in the left hand side. Therefore it suffices to show that 
the left hand side is contained in 

{Ol,, ■ ■ ■, OIJ + , olx, /} c K^(kM). 

This follows from the short exact sequence above and the description (12.0.21) for 
/C5, and 

In general, set E' = Ui<nEi. Thus E = E' U En and the vanishing assertion fol¬ 
lows by induction from the long exact sequence ...—>■ 

'^e\eS^^,x) ^ Denote hy jn'.V X\E' and \ {E^ ^E')^X\E' 

the inclusions. The second statement follows by induction from the exact sequence 


0 ^r,X\E' jn*K-ry ^ ^ 

and a similar argument as in the case n = 1. □ 

Corollary 2.2. Let E C X and j : V ^ X be as in Lemma 1X71 

(1) ITe have = 0, for all i >1, and 

..., C 

(2) For T <Z X a closed suhscheme of pure codimension c, we have 

'HtU*IC^v) = for i < c. 

Proof. By the long exact localization sequence = LCf^^lC^^ for i > 1. 

Hence ([T]) follows directly from Lemma 12.11 It follows that C*y is a flasque 
resolution of which directly implies ([2]). □ 

Corollary 2.3. Let z € X be a point of codimension c > 1 and ti,... ,tc G Ox,z 
a regular system of parameters. We set t := ti ■ ■ ■ tc and tj := ti ■ ■ - tj ■ ■ ■ t^- (By 
eonvention if c = 1 we set tj := 1.) Then with the notation from [KKJ\ 

.(Oxqi|)u = 

'^3 3 

where on the left the quotient is between two subgroups of {k{g)). Moreover 
with the notation from (12.0.51) . the isomorphism Kf!f_^{k{z)) ^ iL^(/C^) is given 
by 

■ ■ ■ ; bj. — , . . . , 

tlT . . . ^tc 

where bi G (Ox,z)^ is any lift of bi G k{z)^ . 


(2.3.1) 


{bi, . . . , br-c} 


Proof. Since the question is local around ^ we can assume that the sequence 
ti,... ,tc is a regular sequence of global sections of Ox and that Z = {z} is glob¬ 
ally defined by their vanishing. We denote byj : V := X \ Z ^ X the open 
embedding. For n > 0 denote by 5" C the set of tuples {io,ii,..., in) with 
I < io < ■ ■ ■ < in < c. For i G [l,c] set Vi := X\V{ti) and for I = (jq, . ■. ,in) & 
set Vi := Vi^n.. .r\Vi^. Denote by jj ■. Vj ^ V the open embeddings. By Corollary 
12.21 ([T]), we have 

= 3*3i*K.(([vw 

where for the first and second equality, we use that the inclusions Vj ^ V and 
Vi ^ X are complements of an SNCD. It follows that the Cech complex C*(2J, lC(!^y) 
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is acyclic for j*, where = {Vi,... ,Vc}. Therefore /C^y). 

Now the first isomorphism from the statement of the corollary follows from (12.0.41) 
and Corollary m o- The second isomorphism in the statement is an immediate 
consequence of the fact that j*C*y is a flasque resolution of j*JC^y (see Corollary 

m O). 

It remains to prove the explicit formula ()2.3.1|) . We can assume X = Spec A 
with A := Ox,z- Then for an abelian sheaf X on V the stalk of at z is 

the following complex of abelian groups (starting in degree 0) 

G{Xr : 0 X{Vj) ^ 0 X{Vj) 0 X{Vj), 

/eso /esi 


with 


n+1 


(a”(a7)7gsn)j = y^(-l)^(aj(j))|vj, 

3=0 


where J{j) equals the tuple J with the j-ih. entry omitted. Let C*y be the Gersten 
complex from (12.0.11) and set C" := jt:C*y. Then the sections of C" over V7 form 
the following complex 


c^iVi) :=r(y7,j*aV): 

K^{k{x))^ 0 0 K^_,+^{k{x)). 

xGVl°'' 

Let T be the total complex associated to the double complex G'(C*)\ its differen¬ 
tials are given by 

QT,n ^ . j,n j.n+1 _ 

Then the natural maps G*{X^y) —>■ G*{C^) and C*{V) —>■ G^{C*) induce quasi¬ 
isomorphisms 

G’(/Cfy) ^T^C^V). 

For i G [0, c] the vanishing loci V{tc-i+i,... ,tc) C X = Spec A are integral closed 
subschemes which are regular; we denote by Zi their unique generic points, i.e. 

{■ 2 ^ 1 } — (tc—i+l 5 • ■ - Ac)- 

In particular, Zi € X^'^\ Zc = z and zg is the generic point of X. Take 61 ,..., S 
k{z)^ and let 61 ,..., h^-c G A^ be lifts. (By abuse of notation we will also write 
bi (resp. ti) for the image of bi (resp. ti) under any ring homomorphism A —>■ R.) 
For 7 G [0, c — 1] set 

•— —^ 1—z) ^ ^ [OjC 1 ], 

and define 

az := e = 0 G'=-i-*(V7), 

^ /es* 

by 

ttc-i-i, if / = (1,... 7 -I- 1) and x = Zc-i-i, 

0, else. 
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By definition 

{bi,...,br-c,ti,...,tc}i-^ac-i under G‘^~^(IC^y)->■ 

and 


(bi,... ,br-c,ti} ^ ao under K:l!i^yj^{k{zc-i)) ^ \ 

Further, under the composition 

the element {6i,..., ti} is sent to {&i,..., 6r_c}- Altogether it remains to 
show that for c > 2 we have 

(2.3.2) ao = ac-i mod 

To this end we define for i € [0, c — 2], 

= ((/3i,/..).euG-2-o)/e5^ € 


by 


,x 


ac- 2 -i, if /= (1, ...,* + 1) and x = Zc- 2 -i, 
0, else. 


We have 

d\/3i) = (-!)*+!«, +1. 

One checks this easily using that for J G 5'*+^ and j G [1, * + 2], we have 
J{j) = (1,... ,i + 1) and 2 :c- 2 -z G <;=> J = (1, ...,* + 2) and j = i + 2. 

On the other hand 

= a,. 


This directly follows from 


r(i) 


Thus 


X G {zc-2-i} n and dx{ac-2-i) 




0 K y X — Zc-l—i- 
(-l)*+^(a*+i - ai). 


Altogether 

do = cii = • • • = Oic-i mod 

This shows (j2.3.2|) and hence finishes the proof. □ 

2.3. The relative Milnor AT-sheaf. 

Definition 2.4. Let D be an effective divisor on X . Denote hy j : U := X\D ^ X 
the inclusion of the complement. 

(1) We define the Zariski sheaf for r G Z to be the image of the map 

Ker(0^ -G O jj) ®z u a O {&i,. ■., &r—i} {a, 6i,..., i}- 

In particular IC^x\d = 0 for r < 0 and }C^x\d ~ Ker(C)j^ —)■ O^). 
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(2) We have a presheaf on the small Nisnevich site of X 

Xnis ^ (abelian groups), {v : V ^ X) ^ =: /C^x|d(^)- 

We denote by the Nisnevich sheaf on Xnis associated to this 

functor. If u : X' —)• X is etale and x' S X' is a point we set 

(2.4.1) := i?°(^,/C(^V|(.o„).D), 

{'v,y) 

where the limit is over the filtered category of pairs {v, y), where v : V ^ X' 
is etale and y €V is a point such that v induces an isomorphism k{x') ^ 

Hy)- 

Remark 2.5. If u : 1^ —>■ X is an etale map that factors through the open immersion 
j :U ^ X, then bv 12.1.21 

Assume Ured is a SNCD. For x G D, set A := Ox,x and denote by its henseliza- 
tion. Then ^ (resp. K.^x\d x) Lemma ETT] the subgroup of K^{k{r])) 

(resp. (Fiac^A^))) generated by symbols of the form {1 + fa,bi,... ,br-i}, 
where f G A is a local equation for D, a G A (resp. A^) and bi G A[j]^ (resp. 

A^[j]x). 

The stalk of the sheaf K,^x\d ^ generic point of the effective divisor D looks 
as follows. 


2.3.1. Let A be a discrete valuation ring with its maximal ideal m and K the field 
of fractions. We set = A^ and = 1 + m”, for m > 1. We denote by 
{K) the image of the natural map (A^)®’' —>■ K^{K) and by {K), 

n> 1, the image of the multiplication map (8>z K^i{K) —>• K^{K). 

The following two Lemmas are well known. 

Lemma 2.6. Let (A,X, m) be as above and denote by K the fraction field of the 
completion of A along m. Then for all n > 1 the natural map 

K^{K)/U^K^{K) ^ Kf{k)lU^K^[k) 

is an isomorphism. 

Proof. We define an inverse map. Clearly there is a well defined map (X^)'^®’’ —>■ 
K^{K)/U^Kk{K) which sends an element oi®.. . 00 ^ to the class of {bi,..., br}, 
where we take any bi G with bi = mod 1 + m". This map also kills the 
Steinberg relations. Indeed if we take a G k^ \ and b G with b = a 
mod then 1 — 6 = 1 — a mod ■ Hence a ® (1 — a) is sent to the class of 

{&, 1 — 5} = 0. If we take a S Ijk and b G with b = 1 — a mod uk\ then 

1 — 6 = 0 mod and a 0 (1 — o) is sent to the class of {1 — b,b} = 0. It follows 
that this map factors to give a well-defined map inverse to the natural map from 
the statement. □ 


Lemma 2.7. Let A be an integral local ring with its maximal ideal m and the 
fraction field K = Frac(A). For elements a,b,c G A and s,t G m, the following 
equality holds in X^(X); 




14 


KAY RULLING AND SHUJI SAITO 


(1) {1 + as, 1 + bt} — —{1 + st, —as(l H- bt^}. 

(2) {l + f^ct,l-ji^s} = {l + csi,s}. 

Proof. (1) is straightforward and (2) follows from (1) by setting 

1 + ct c{s — 1) 

a = —- -, 0 = -. 

1 + cst 1 + ct 

□ 

Proposition 2.8. Let D he an effective divisor on X whose support has simple 
normal crossings. Let x € D be a point and Di,... ,Dn all the irreducible compo¬ 
nents of D passing through x. Let ti G Ox,^ be a local equation for Di around x 
and assume that around x the divisor D is given by the vanishing of ■ ■ -tff", 
with mi > 1. 

(1) Assume either there exists an iq G [l,n] with mig > 2 or n > r. Then 

K.^x\d X ^^6 subgroup of {k{ri)) which is generated by ele¬ 

ments of the form 

(2.8.1) 1 + . . . , 1 + ... ,Mr}, 

ze[l,n]\/a 

where s G [0,inin(r — l,n)], Is = {ii,... ,is} C [l,n], a G Ox,x and m G 
'^x,x- 

(2) Assume mi = ... = m„ = 1 and n < r. Then K,^x\d x ^laal to the 
subgroup of Kff {k{p)) which is generated by elements of the form (12.8.11) 
for s < n — 1 together with elements of the form 

(2.8.2) {1 + Uiti ,..., 1 + 

'^'nXni Rn+1; • ■ - ; '^r 

Proof. Set A = Ox,x and denote by m its maximal ideal. The statement holds for 
r = 1 by definition. For r >2 denote by L^ the subgroup of Kff {k{r])) which in 
case (1) is generated by the elements (12.8.ID and in case (2) is generated by the 
elements (12.8.ID for s < n — 1 and the elements (12. 8. 2D . In both cases the inclusion 
Lj. C II^x\D X follows directly from Lemma 1^771 (1) and Remark l2.5l For the other 
inclusion it suffices to show (in both cases) 

{1 + at'f'^ ■ • • t™", tij,..., } G Ls-i-i 

for a G A, {ii,... ,is} C [1, n]. If one of the mfs is > 2 or n > s this follows directly 
from Lemma |2.71 (2). If mi = ... = mn = I and s = n, then we can use Lemma 
12.71 (2) to reduce to the case n = I. Setting t := ti it therefore remains to show 

(2.8.3) {1 -\- atj tf G L 2 j a G A. 

To this end notice that 1 + is multiplicatively generated by elements in l-\-tA^. 
Indeed if 6 G m we can write 

^+tb={l + + + tib - 1)). 


Therefore we can assume in (12. 8 . 3D that a G A^ . Then the statement follows from 
0 = {1 + ta, —ta} = {1 + fa, t} + {1 + ta, —a}. This finishes the proof. □ 
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Corollary 2.9. Let Di and D 2 be effective divisors on X whose supports are simple 
normal crossing divisors. Assume Di < Z?2- Then we have the inclusion of sheaves 

Kx\d, C C IC^x on 

and 

^^A|D2,Nis C /C^|£)j_Nis C -^Nis 

Proof. This follows directly from Proposition 12.81 □ 

2.4. The structure of relative Milnor iiT-sheaves. In this subsection we as¬ 
sume that D is an effective divisor on X whose support has simple normal cross¬ 
ings. We denote by i : Dy-^d ^ X the corresponding closed immersion, by j : 
U = X \ D ^ X the inclusion of the complement and by {I?A}AeA the irreducible 
components of D. We write Ll\ = flx/z 

2.4.1. We write N = {0,1,2,...} and endow with a semi-order by 

< (mA)AGA ^ rnx < nx, for all A e A. 

For m = {mx)xGA S we set 

Dm ■= ^ mxDx. 


AeA 


For u G A, set 


d. = (0 ,..., 1 ,..., 0 ) gn^ 

and we define the following sheaves for r > 1 

gr^’^X^x ■■= on Xzar 

and 

gr”'’''X^X,Nis ■= On ATms- 

Notice that this makes sense by Corollary 12.91 and that these sheaves have support 
in D^. We remark that gr'"’'^/C^ is also the Nisnevich sheaf associated to the 
presheaf 
(2.9.1) 

Xnis b{v:V^X)^ =: gr^’-^X^xiV). 

For an etale map v : V ^ X we can write v*Dx = Dxp U... U Dxj^ , with Dx,i C V 
irreducible smooth divisors. For a subset S' C A set 


and for i G [l,ji/] 


with 


v*S := {(A,i) I A G S, f G [1,Ja]} 


• (^(A,j))(A,j)€v*(A\{iy}) “b jp 


(•',0 

V 


m{x,j) ■= mx and (5(^,i) = (0,..., 1 ,..., 0) G N’' 
Then {T)A'}A'e?;*A are the irreducible components of T;*Dred and 




ju 

^ by^efn ^ 

irM VL/ irM VL/ ’ ^r,V- 

^^r,V\v*D„+s^ i=l i=i 


(2.9.2) 
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Proposition 2.10. We keep the notations from above. Let m = be an 

element in and take i/ G A, r > 1. Denote by iy : Dy ^ X the closed immersion. 
Assume my = 0 and set 

Dy,m ■= X] ruxiDydDx). 

AeA\{j^} 

Then there is a natural surjection 

( 2 . 10 . 1 ) 

If the tx’s are local equations for the Dx’s around a point x G X, then the compo¬ 
sition of this map with ** given by 

(2.10.2) {1 “1“ bi,..., br—i} i—> {1 + t’^d, bi,..., 

where a G Ox, bi G | with d G Od^, h G | as their images and 

T" = JIaeA ■ This map induces an isomorphism between sheaves on 

(2.10.3) ^ V*/C5,.|D..„,Nis. 

Furthermore, if Hred is smooth, then (12.10.11) is already an isomorphism. 

Proof. Assume ty G r(X,Ox) is an equation for Dy. Then we have the following 
map at our disposal 

Sty ■ i^^X ^ Sty{Oi) := dOyipL . {ty}), 

where doy ■ Kft{_i{k{X)) —> Kft^{k{Dy)) denotes the tame symbol defined by the 
valuation corresponding to Dy. One directly checks 

Sty(.{ttl, ..., a^ }) — {ui, . . . , Or}, 

where G and di G Ofj is its image. This also shows that Sty does not depend 
on the choice of the equation ty. Therefore we can write suy instead of Sty. In 
particular, in case Dy is not given by a global equation we can locally define maps 
as above and glue them to obtain a morphism 

SDy ■ r^r.X 

Restricting along the open immersion j : X \ |Ilm| ^ X we obtain an induced map 

^ J*l^r,X\\D„,\ ^ 3*'^Dy\\Dy,r.V 

It is immediate to check that the image of this map is and that it factors 

to give the map (j2.10.1l) from the statement. (Use Proposition 12.81 to check that 
Ai^x\D s mapped to zero.) 

If Hred is smooth, then (I2.10.1|) is an isomorphism. Indeed, it suffices to consider 
the case in which D is connected. Then (j2.10.1() is a map l^^x/Ti^x\D 
and it is easy to see that the assignment {di,..., d^} {oi,..., Or} mod 
in which the Oi G are lifts of the di G Ofj, induces a well-defined map > 

'"^hick is inverse to (12.10.11) . 

Let V :V ^ X he etale. With the notation from (12.9.21) we have 

A 

'^r,v*Dy\v*Dy^„, — Vl7 .J 1 
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here i G are the irreducible components of \v*D,^\ and 

(A,j)e«*(A\{j/}) 

It follows that the map (12.10.11) induces a map from the presheaf (12.9.11) to the 
presheaf 

where we use the notation from Definition 12.41 (I2|). We obtain the map (12.10.31) 
by Nisnevich sheafification. The surjectivity of (12.10.31) follows from the surjectiv¬ 
ity of (12.10.11) . To prove the injectivity, it suffices to show the following (for all 
{X,D))-. Let X € he a point, let D C X be an open neighborhood of x and 
a G H^{V,gi’^’''X^x) be an element which under (I2.10.1() is mapped to zero in 
H^{V n ^). Then there exists an etale morphism v : V ^ V and a 

point x' G V such that v induces an isomorphism k{x) ^ k(x') with the property 
that v*a = 0 in 

To this end, we can assume, after shrinking V around x, that we have a cartesian 
diagram 

Du,v ■■= D, n DC-^ D 



in which the vertical arrows are etale, the bottom horizontal arrow is induced by 
k[ti,... ,tn] -» k[ti, ..., tn]/(tn) and the pullback of the coordinate t\ to Oy is a 
local equation for D\. We choose a splitting —)► of the bottom map; in 

this way V becomes an A^“^-scheme and we set 

Vi := V Di,y. 

We have a diagonal embedding D^y ^ D. The projection ui : D —)► D is etale 
and hence we can write vl{D^y) = D^y U A, for some smooth divisor E C Di. 
We set V' := Vi \ A and denote hy v : V ^ V the map induced by vi. Then 
V : V ^ V is etale, v induces an isomorphism v~^{D^y) ^ D^y and there is a 
natural map induced by the projection tt : D' —>■ Di,y which splits the inclusion 
Dj^y ^ V. We obtain a commutative diagram 


(2.10.4) gT^’-'X^xiV') 



It suffices to show that (*) in (12.10.41) is injective. Denote by Dmy, Dm+s^y and 
Dxn,vy the pullback along the open immersion V X oi Dm, Dm+s„y and Dm,v, 
respectively. We consider the composition 


Du Y ' 's/' 




M 


,V ■ 
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The restriction of this map to IC^p. , „ induces a map 

' T-^u,V \-^Tn,u,V 




Taking global sections we obtain a map 

(2.10.5) IC^D.iD^jD^y) ^ gr’"’‘^/C“x(F'). 

Using the explicit description (I2.10.2|) of the map {*) in (12.10.41) it is straightforward 
to check that (12.10.51) and (*) are inverse to each other. This finishes the proof of 
the proposition. □ 


Remark 2.11. The proof of the injectivity of (12.10.31) is the only place where we 
need the Nisnevich topology. 

2.4.2. We denote by (resp. ^nis) Hi® topos of sheaves of sets on the site Xzar 

(resp. Xnis) and by e = (e“^,e*) : -^zar l^® natural morphism of topoi. 

Then e* is left exact when restricted to the category of abelian sheaves and right 
derives to a functor 

:P+(XNi.) ^P+(Xzar), 

between the derived categories of bounded below complex of abelian sheaves on Xnis 
and Xzar, respectively. Since the cohomological dimension of Xnis is < dimX (see 
e.g. [Nis891 1.32]) this functor restricts to a functor between the derived category 
of complexes with bounded cohomology 

Re, : V\Xms) ^ V\Xms). 

Corollary 2.12. In the situation of Proposition (12.101) we have a distinguished 
triangle in I?^(Xzar) 

Ri*{K-^X\D„+s^,Nis) R^*i^^X\D„,,Nis) R-i^ ° *!^)* ,Nis) ^ ■ 

Proof. This follows directly from Proposition 12.101 together with the observation 
Re,iji/, — Re^Riy, — Ri^e o 'ijf),. 1—1 

2.4.3. We keep the notations from 12.4.11 For i/ G A and g > 0 we define the 
following sheaf on Xzar (with support in D,^) 

(2.12.1) ^X\D.m,v '■= '■= D){ — Dm))\D^, 

where we use the short hand notation 


fl|.(log£))(-£)m) := Ox{-Dm) ®Ox llx(logU'). 

It is immediate to check that the differential d’^ : —>• restricts to a differ¬ 

ential d'* : Id\{\ogD){—Dm) fl^^(logZl)(—Hm), which induces a differential 




If t\ € Ox are local parameters of the D\^ then this differential is explicitly given 

by 

(2.12.2) d'^{f^ <S> uj) = t'^ (Si (doj + ^ m\ ■ dlog {t\) A wj, 

agA 2 


where we write t'^ := riAGA^™^- We set 


(2.12.3) 


Zlu ■= K®r(wm,i. 


:= Im(a;I-;2?!l^<J. 


<l)i Bk 
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Proposition 2.13. We keep the notation from above. Set A4 := and 

denote by the sheaf of groups on X associated to the monoid A4. Then there 
is a surjective morphism of Od^- modules 
q 

Ox(-£’m)|D„®z/\ ^ a®Xl^.. .^Xq i-A a(g)dlog(xi)A...Adlog(xq). 

With the notation from (j2.12.2|) the kernel is the Od^, -module which is locally gen¬ 
erated by elements of the form 

® a f\ X2 f\ ■ ■ ■ f\ Xq — ® Ui /\ X2 f\ ■ ■ ■ f\ Xq, 

i 

for all a,Xi G A4 and Ui G Ofr satisfying a = Ui in Ox and where d, Ui denote 
the images in . 

Proof. This follows directly from the definition of and the description of log¬ 
arithmic differentials given in [Kat89[ (1.7), p. 196]. □ 


Proposition 2.14. We keep the notations from above. Let m = {rnx)\^\ be an 
element in N'^ and take v G h., r > 1. Assume mi, > 1. Then there is a natural 
surjection 


(2.14.1) 


.r— 1 


/B, 


r —1 
m,i/ 


gr’^’^/C 


M 

r,X 


given by 


class of (a 0 dloga;i A ... A dlogTr-i) '-A class of {1 -|- a, Xi,..., Xr-i}, 

where Xi G d G Ox{—Dm)\Du and a G Ox{—Dm) is a lift ofd. 

Proof. For d G Ox(—L>m)iD^ and x = (xi,..., Xr-i) G 01=1 define 

ip(d,x) := class of {1 -f a,x} in gr"'’‘'/C^x: 

where a G Ox (—Dm) is some lift of d. Since (1 -I- a) (1 -I- 5) = (1 -|- a -I- 6) mod 
1 + Ox(—Bm+s„), for all a,b G Ox{—Dm), this element is well-defined and induces 
a multilinear map ip : Ox(—Dm)iD^ ® 0i=i —)• gr"'’'^IC^x- This also implies 
that if one of the xfs equals —1, then p{d,x) = 0. Since {x,x} = {x, —1} in IC^x^ 
the map p induces a surjective homomorphism 

r —1 

Ox{-Diii)^d^ 0z /\ Afsp ^ gW'‘'JC^x- 
For a G M. and y = {y 2 ,... ,yr) G YllZi we have 

(2.14.2) p{t'^d,a,y) = -pit'^d,-t'^,y) = -p{t”^d,t'^,y) - p{t”^d,-l,y) 

= -p{t'^d,t'^,y). 

For a = Ui, with Ui G O^, we get 

p{t^d,a,y) = -pif'd.t'^ ,y) =Y^-p{t"'ui,t'^,y) = Y^p{t'^Ui,Ui,y). 

i i 

Hence by Proposition 12.131 p factors through uj'^f. It remains to show that p 
vanishes on . It suffices to check this locally. Therefore it suffices to show that 
the boundary of a form (with the obvious abuse of notation) dlog y, with either 
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a G or 1 + a € , is mapped to zero under ip. Using the formula (12.12. 2|) for 

the differential, we see that it suffices to show 


0 = 


(p{t^{l + a),{l + a),y) +J2\‘Pim\t'^a,tx,y), 


if a e O^, 
iil + aGO^. 


In case a G , this vanishing follows directly from (12.14.21) . In case 1 + a G , 
we observe that ,y) = 0 and hence 

<^r(TT^),(l + a),y) = -p{t'^(TT^),t^,y) = -p{t^,t'^,y)-p{t^a,t^,y) 

= -p{t'^a,t^,y), 

which yields the promised vanishing in this case. □ 


Proposition 2.15. Assume rriu > 1 and that k has either characteristic 0 or prime 
to Then the map (j2.14.1ll is an isomorphism. 


Proof. For r = 1 the statement holds by definition. For r > 2 we have 
(2.15.1) 

by |BS141 Lem 6.2] (here we use that either char(fc) = 0 or (char(fc), m;^) = 1). We 
have a well-defined map 

^k{ri)^ {ou ... ,ar} 1-^ dlog(ai) A ... A dlog(ar). 

This clearly induces a map U](.(logIlred)(—We obtain a well- 

defined map 


(2.15.2) 


U^(logl4,ed)(-l^m) ^ 

(log Dred){-Dm+S,.) 


The composition 


19 1 5 Tl / xa,v^M r 

is equal to the differential (12.12.21) . Indeed, under this composition a local section 
t’^adlogx G is sent to 




pm _^ 

dlog (1 -I- t™a) dlogx = - -{da 4- mAadlog<A) A dlog {x) 

1 -f t'^a 

= t"’(l — f^a){da + mAttdlogtA) A dlog {x) 

X 

= t"'{da + TO A a dlog t a ) A dlog {x). 

X 

Hence the statement follows from (12. 15. IF □ 


Theorem 2.16. Assume k has characteristic p > 0. Let the notation he as above 
and let m' G be the smallest tuple with p . m' > m. Assume p\m,j. Then the 
inverse Cartier operator induces an isomorphism 


. , ,1 


a (g) dlog cci A ... A dlog Xq 
where a G Ox{—Dm')\D^ and Xi G AA. 


(g dlogxi A ... A dlog Xq, 
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Proof. This is proven in |KSSI Thm 3.2] (in a slightly different situation). For the 
reader’s convenience we give the proof. By [BS14I Lem 6.2] (which is [KSSI Lem 
3.4]) is acyclic if (n^,p) = 1, for all n = {n\) G and fj, G A. By the special 
choice of m' we see that the natural inclusion 


(2.16.1) rf^i\ogD){-Dp^,) -4 fl^(logi^)(-i^^) 

is a quasi-isomorphism. Indeed we can refine this inclusion to a filtration whose 
graded pieces are of the form as above. We have p ■ (m' + S^) > m -I- Ji, and 
since plrriu the tuple -|- Si, is minimal with this property. Thus if we replace in 
(12.16.11) m' by m' -I- Si, and m by m -I- <5;,, we again get a quasi-isomorphism. This 
yields a distinguished triangle in L)^(Xzar) 

n-^{\ogD){-Dp^„i,+s^)) ^ n^x{\ogD){-Dp„i,) ^ . 

Let F : X X he the absolute Frobenius. The classical Cartier isomorphism (see 
e.g. |Kat701 Thm (7.2)]) gives an isomorphism of Ox-modules 

C-i : fl^(logO,ed) ^ WiF^n^xilogD)). 

Twisting this with Ox{—Dm') yields an isomorphism 

n\{\ogD){-Diii.) A W{F,{n'x{\ogD){-Dp„i,))). 

Using the triangle from above we get the following commutative diagram of abelian 
sheaves for all g > 0 


09 


■ rP 


C- 


■ ^ 0 
m , 1 / 




where we use the short hand notation ^*x\d ~ ^x(log(0))(—Urn)- The statement 
follows. □ 


2.4.4. With the notations above write rrii, = p® • with s > 0 and {p,ml) = 1. 
We inductively define sheaves of subgroups on Di, 

Zr,m,i^ C 0 ;^,^,, for r G [1, s -h 1], g > 0, 


by the formulas 
and 


R9 ._ n? 


Zlm.. ■■= Z% 


Blip.,. ^ ^ ^ e [1, s]. 

We obtain a chain of inclusions 

Bl,. = Bl^„ C...C C C ... C = Z^,^ C 

Proposition 2.17. For m G u G A, with m. > 1, g > 0 and T C D. a closed 
subset of codimension c we have 

BfM.JBl,,) = 0 = Wr{u:l^JZlJ, for all i < c. 
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Furthermore ifk has characteristic p > 0 and rrii, = p'^m'^,, with s > 0 and {m'^,p) = 

I, then also 

(2.17.1) 

= 0 = for all i < c, andr e [1, s + 1]. 


Proof. First we observe that ujm,^ is a locally free sheaf on the regular scheme D^. 
Hence 'Hlp{ujm,u) = 0, for alH < c and q > 0. Set p := char(fc). Now assume either 
p = 0 or p > 0 and {rriv^p) = 1. By |BS14[ Lem 6.2] we have = Zm,v, for all 
q > 0. Therefore the exact sequence 

(2.17.2) 0 ^ ^ ^ <1 /^ 0 


yields, for all i < c, 

Since = 0 for q >> 0 we get by descending induction over q that 




Bl „) = 0, for all q > 0, i < c. 

In particular the statement is proven if p = 0. Furthermore, if p > 0, then (12.17.111 
is proven in the case s = 0. To finish the proof we assume p > 0 and s > 1. Let 
m' G be the smallest tuple such that p ■ m' > m. By induction on s we have 

,JK.m',u) = 0^ fo^ r G [l,s], q > 0 and f < c. An 
application of the Cartier operator yields 

(2.17.3) 

J = 0, for all r G [1, s], q > 0, f < c. 

Now assume that the vanishing (12.17.11) holds for q + 1; we want to show that it 
also holds for q. The exact sequence (|2.17.2(1 gives the vanishing '}F‘{uJm,v/Zm.v) for 
all i < c. Therefore the exact sequence 


0 Zm.u! ^r+l,m,!^ ^m,v /0 

together with (12.17.311 yields 

= 0> for alH < c, r G [1, s]. 

Similarly we also get 

= 0’ for alH < c, r G [1,sj. 

Finally the exact sequence 

0 -)■ 10 “^, „ ^m.y/Bfn^ -)> Z^ ,^ 0 

yields = 0, for all i < c. This finishes the proof. 


□ 


Remark 2.18. One can show that 0Jm,v/Br,m,u and uJm.i^lZr,m,i> are locally free Od„- 
modules, where the Ou^^-module structure is induced by the one from 
where Fx : A —>■ A is the absolute Frobenius (cf. [Ill791 0, Prop 2.2.8]). This 
immediately implies (I2.17.ip . 


Theorem 2.19. Assume k has characteristic p > 0 and = p’^m'^, with s > 0 
and {m'^,,p) = 1. Then the map (12.14.11) factors to give an isomorphism 


(2.19.1) 


OJ 


r —1 


/B 


r — 1 




M 

r,X- 
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Proof. For s = 0 this is Proposition 12.151 Now assume s > 1 and take m G 
minimal with p • m' > m. Clearly the multiplication with p on IC^x induces maps 


y'M 

^r,X\D„ 






]("M 


It is direct to check that we obtain a commutative diagram 


■B 


r—1 
s,m.' , 1 ^ 

c-\ 


B 


■r—1 


/s, 


r — 1 


,r-l 


■ —1 / Tjr 






^r,X 




0 . 


By induction on s, the upper horizontal sequence is exact and we have to show that 
so is the lower one. Clearly, the lower sequence is exact on the left and on the right. 
The exactness of the upper sequence implies that the lower is a complex. It remains 
to show that the induced map (I2.19.ip is injective. By ProDOsition l2.1 71 it suffices to 
check this at the generic point of D^. Since the composition (12.15.31) is equal to 
the differential, the kernel of gr^^’^^/C^ is contained in 

and therefore lies in the image of C~\. Thus it remains to show that the map 

(grin ■'']C^x)r)u ^ is injective. Set A := Ox,r)^, K := Frac( 2 l) and 

write nil, = pw. Then A is a DVR which is essentially smooth over k and we have 
to show that the map 

(2.19.2) U'^K^{K)/U'^+^K^{K) A UP'^K^{K)/UP'^+^K^{K) 

induced by multiplication with p is injective (here we use the notations of 12.3.11) . 
To this end we may replace A and K by their completions, where now A is formally 
smooth over k, see Lemma 1^751 Denote by Kq the residue field of A; it is separable 
over k (since D^, is smooth over k). By |EGA IVTl Thm (19.6.4)] there is an iso¬ 
morphism of fe-algebras A = hence K = Ko{{t)). Therefore the injectivity 

of ()2.19.2|) follows from Corollary 14.101 proven later independently. This finishes 
the proof. □ 


Corollary 2.20. Let k be a field of characteristic p > 0 and assume nii, > 1. Set 

fo, ifp = 0 


s := 


ifp > 0, 


Z is the p-adic valuation. Then there is a distinguished triangle in 


where Vp : < 

D^(Vzar) (with the notation from^KJ^ 

Furthermore, the canonical map 

'^r,X —t ite*gr Nis 

is an isomorphism. 




Proof. The assignment 

VNi« 3{v:V^X)^ H°{y,v*i,,ujl^,) 
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defines a sheaf on Xnis which we denote by ^ We define sheaves on Xms by 


7 Q 


Ker(a;® 






UJ. 


g+1 

m,iv',Nis 


is) ’ 






d^- 




U). 


m,iv',Nis 


J- 


Furthermore, if p > 0, then the Cartier isomorphism from Theorem 12.161 induces 
an isomorphism ^ j/Nis) define the sheaves 

and as in 12.4.41 Proposition 12.151 and Theorem 12.191 yield an 

isomorphism between sheaves on Xnis 


. . 1 —1 / ryr—l —^ m,L/ y'M 

^m,i^,Nis/'^s+l,m,i>',Nis ^6^ ^r,X,Nis* 

Therefore it suffices to show that the natural map 


( 2 . 20 . 1 ) 


UJ. 


r—1 




—y Rc^ i^Lu 


r — 1 


/-^s+l.m.iy.Nis) 


is an isomorphism. To this end we note that for a quasi-coherent sheaf E on X 
we have Re^^E^is = E, where i?Nis is the Nisnevich sheaf Xnis 9 (u : F —>■ X) i-;- 
E[^{y,v*E) (cf. |Mil80l III, Prop 3.7]). If p > 0 and Ex denotes the absolute 
Frobenius on X, then ^ is a quotient of the quasi-coherent Ox-module 

and hence is quasi-coherent. We get (12.20.111 in this case. If p = 0 we 
have the natural isomorphism uJm,v — 9 > 0. Furthermore, 

^muWis — Bmi^Nis’ (12. 15. IF Hence descending induction on q and the exact 

sequence on Xnis 


7<? 

m,i/Nis 


CJ. 


m,i/Nis 


^g+i 

m,i/,Nis 


give 




The isomorphism (12.20.111 follows. 


□ 


Corollary 2.21. Assume that D^-ed is smooth (D = 0 is allowed). Then the natural 
map 

(2-21-1) ^^X|D ^ 

is an isomorphism. 

Proof. Bv l2.1.2l and [VoeOPbl Thm 5.1, 2.] the natural map —>■ 

is an isomorphism. Thus by Proposition j^Hni and Corollary 12. 201 the natural maps 
grm.i/^^ —>■ Ret,gi'^’'^lC^x Nis isomorphism for all m, u, r. Hence the state¬ 
ment. □ 


2.5. The Cousin resolution of relative Milnor iF-sheaves. 

Theorem 2.22. Let D be an effective divisor on X and assume that D^ed is a sim¬ 
ple normal crossing divisor. Then for all closed subschemes T <Z X of codimension 
c, and for all i < c, we have 

'R.t{R^*E.^^x\d.Wis^ = 0 . 

Proof. Corollary 12.91 and Corollary 12.211 (for D = 0) give a distinguished triangle 
in P^(Xzar) 


Nis ^^x /E-^x\D,ms 


[ 1 ] 
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By the exactness of the Gersten resolution 12.0.11 we have = 0, for all 

i < c. Hence it suffices to show that Wf^{Re,,{IC^x/^^x\D nis)) = i < c. 

With the notation from 12.4H] we have 

Since c — 1 < codim(Tn£)y, D,j) it follows from Corollary 12.121 together with induc¬ 
tion on the dimension of X, Corollarv l2.20l and Proposition 12 .1 71 that these groups 
vanish for i < c. Now the theorem follows since ^^Sf/^^|DNis ^ successive 
extension of the sheaves gr"’’‘"/C^ □ 


2.5.1. The Cousin complex. Let D be an effective divisor on X. We denote by 
C*x\D Cousin complex of K,^x\d |Har661 IV, 2.]). It has the following 

shape (with the notation from 12 .2.11) 

^r,x\D '■ ■ 

xGAU) 

^ ^ '>‘x*HI.{K.^x\d) - 

xGXi'l 

Here ix ■ x ^ X denotes the immersion. Similarly, we denote by C^'x\d Cousin 
complex of 

^r’x\D ■ ^ ^ ^x*H^{Ret:X^x\D,Nis) ■ 

a:ex(i) 

xGA(0 

In particular these are complexes of Basque sheaves. The restriction of C*x\d 
U = X \ D equals the Gersten resolution of by Corollary 12.31 

( 2 - 22 . 1 ) {CIx\d)\u = C:^u- 

If furthermore Hred has simple normal crossings, then by Corollarv l2. 211 1 for (V, D) = 
{U,0)) we also have 

(<AiD)iJ/ = av- 

The natural map X^x\d —)► R<^*X^x\D.Nis induces a natural map of complexes on 

^Zar 

( 2 . 22 . 2 ) 


C:,x\D^C^:x\D- 


Finally we give an alternative description of the terms appearing in C^'x\^jj'- If 
Z d X IS closed we have Re<fK^z = by |SCA4H1 V, Prop 4.9, Prop 4.11]. 

Hence for x d XR'> we have 

H^{Re.*X^X\D,Xis) — '^Tnv(^Nis,/C(^)x|£)^Nis)! 

xGU 

where the limit ranges over all Zariski open neighborhoods V d X oi x. Let 
X^^j = Spec Ox^x be the henselization of V at a; and denote by ^ X the 

canonical map. Then the above together with |Nis891 1.27 and 1.29.3] yield 
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Corollary 2.23. Assume that Z^red has simple normal crossings, 
isomorphism 


TD 






Furthermore if D^ed is smooth the natural morphisms 


^r,X\D 


c: 


,X\D 




r.X\D 


are quasi-isomorphism of complexes. 


Then there is an 


Proof. The first part follows from Theorem 12.221 and [Har661 IV, Prop 3.1], the 
second part from the first and Corollarv l2.211 □ 


2.5.2. The Cousin Complex in the Nisnevich topology. Consider the presheaf of 
complexes 

XnIs 9 (w : P —>■ X) i-A r(I/, £)). 

The explicit description of in 12.5.11 above and excision for local Nisnevich 

cohomology (see |Nis891 1.27 Thmj) implies that this presheaf is a sheaf of complexes 
on Vnis, which we denote by 

Cr.YID.Nis- 

By construction there are natural maps of complexes —>■ C* Nis(^) 

where we use the notation from Definition 12.41 (P|) . This yields a morphism 

(2.23.1) ^^|D,Nis ^r,X\D.Nis VnIs. 

Corollary 2.24. Assume Dj-ed has simple normal crossings. Then (12.23. ip is a 
quasi-isomorphism. 

Proof. It suffices to show that for all etale maps v : V ^ X and all points y &V 
the Nisnevich stalk ’H*(C* Nis)y (defined as in (12.4.11) 1 vanishes for f > 1 and is 

isomorphic to y for i = 0. This follows directly from Corollary 12.231 □ 

2.6. Pushforward for projections from projective space. 

2.6.1. Let f ■ Y —>■ Z be a proper morphism between equidimensional finite type 
Z-schemes. Set e = dimV — dimZ. Then there is a morphism of complexes 

/* : [e] —>■ C' z- 

See e.g. |Ros961 Prop 4.6, (1)]. (Also notice that the complexes C'y are defined 
if Y is not smooth, see e.g. |Ros96[ 5].) If Y and Z are smooth, then this map 
induces a morphism in the derived category 

h : ^ /C^. 

2.6.2. Let V be a smooth scheme and denote by tt : Py —>■ Y the projection. Denote 
by 

ci(o(i)) 

the first Chern class of C>pn( 1) and by 

ci(0(i))* ^e[0,iV], 

its z-fold cup-product (by convention ci(0(l))° = 1 G Z). Finally, 
dlog(ci(0(l)))* GRV, DpN/y, [0,V], 
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denotes the image of ci(0(l))® under the map dlog : . 

Lemma 2.25. Let D be an effective Cartier divisor on X and assume that I?red 
is a simple normal crossing divisor. Let {I?a}agA be the union of the irreducible 
components of D. For a scheme Y set Py ■= and denote by wy : Py —^ Y the 
projection. For m € and u € A and with the notation from (12.12. 1|) we have the 
sheaves m ^ disposal together with the subsheaves Bx\d r m v’ 

r > 1, as defined in \2.4.4\ (In characteristic 0, we set 
all r > 1.) Then for all q > 0 and r > 1 we have on Xzai 

R = 0 = i? TTx*ICq p^, for all i > N, 

and for i € [0, there are natural isomorphisms 
(2.25.1) - Uci(0(l))* : X^^x ^ R^^x^X^p, 

and 


X\D^X\D,m,i^ 


U dlog (Ci(0(l))) '■ ^x\D,my/^X\D,r.mp 




induced by the cup product with (ci(0(l)))* and dlog (ci(0(l)))®, respectively. Fur¬ 
thermore the corresponding statement on Anis equally holds. 


Proof. We have the exact sequence (see (|2.1.21) 1 


0 


Y'M 

^g,Px 


■ j*K 


M 


X 


M 


—^ 0 , 


where Hx C Px is a hyperplane with complement j : Ax ^ Px- 
statement for X^ follows by induction from the isomorphism 


Therefore the 


X 


M 

q,X 


R{'^x o j%/C 


M 

<?.Ax 


Rxx*j*X 


M 

qAx 


where the first isomorphism is homotopy invariance (see [VoeOPbl Thin 3.1.12] 
together with 12.1.21) and the second comes from Corollary 12.21 

Now we prove the statement for ujm,u- Let F C k he the prime subfield. We 
have 

N 

‘^PxlPo.my ~ ® ^D„(‘^X|£),m,!^) ®P P ^Pp/F^ 

3=0 


where p : Pp^ = D^, x p Pp —>• Pp is the projection. This decomposition is com¬ 
patible with the differential and the Cartier operator in the obvious sense. We 
get 


N 


JBI 


Px\PD,mpi Px ,PD,r,m,i/ 


= 0 ^dI (^ 


,<1-3 


'X\D,m,v/Bx\D,r,mp) ®P P 




IB\ 


PpjFl ^PfP 


3=0 


where Sp^ ^ is defined as in 14.1.31 below. In the following we write P := Pp and 
:= CPp^^p and Bf. := B'(p^, etc. By the Kiinneth formula (see |EGA III21 
Thm (6.7.8)]) it suffices to show that {P, /B-j.) = 0, for i j, and that the 

cup product with dlog ( 01 ( 0 ( 1 )))-^ induces an isomorphism F ^ H^{P, Ll^/Bf), for 
i S [0, N]. This statement holds in the case r = 0, where we set Bq := 0 (see e.g. 
[SGA7III Exp XI]). Hence it suffices to show 

H^{P, Bf) = 0 for all i,j, r. 
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If char(fc) > 0, the vanishing for r = 1 holds by [111901 Prop 1.4]. For r > 2 
the vanishing follows by induction from the isomorphism which 

is induced by the inverse Cartier operator. In characteristic zero the statement 
follows from Lemma 12.261 below. 

Finally the Nisnevich case. In view of the definition of the corresponding Nis- 
nevich sheaves, see 12.1.21 and the proof of Corollary 12.201 the statement for the 
Nisnevich sheaves follows from the two facts which hold for any smooth fc-scheme: 

(1) iL*(XNis,/C5f) = iL*(Xzar,/C5f) (see|2l2]and [VoeOObl Thm 3.1.12]). 

(2) iL®(XNis,.F nis) = H^{Xzar,J^), where T is any quasi-coherent sheaf and 
J^Nis its associated Nisnevich sheaf (cf. [MilSOl III, Prop 3.7]). 

This finishes the proof of the lemma. □ 

Lemma 2.26. Let k be a field of characteristic zero. Set P := P^. Then 
and the cup-produet with dlog (ci(Ci(l)))® induces an isomorphism 

k^Hfip,W{n-p/,)), *e[o,7V]. 

Furthermore for B^ := Im(d : > fl-i) and Z® := Ker(d : > 11^+^) we have 

W{P,B^)=0, allij, H\P,Z^) = 0, allifi^j, W{P,Z^)^k, alli€[0,N]. 

Proof. By |B074[ (4.2)Thm and (2.2)] the Cousin complex of W{Llp^i^) is a res¬ 
olution. Since de Rham cohomology in characteristic zero satisfies purity we get 
that for 77 C P a hyperplane the complex r^(Cousin(77-^ (flpy^))) is isomorphic to 
the complex Cousin(77'i“^(np^^)) shifted by —1, i.e. we have an isomorphism 

RTpWin^p/,) - in P'(Pzar). 

Hence the long exact localization sequence looks like this 
(2.26.1) 

... ^ ^ Hfip,w{n-p/,)) ^ ^..., 

where A = P\H. Furthermore the presheaf X i—;• H^{X, H^y^) on Sm*, is a homo- 
topy invariant pretheory (see [VoeOOal 3.4]) and hence so is its Zariski sheafification 
X !->■ T{X,W (see [VoeOPal Prop 4.26]). Hence [VoeOOal Thm 4.27] implies 

for all (*,j)^ (0,0), and H°{A,n°{n\^,)) = k. 

The first two statements of the lemma are direct consequences of this, the exact 
sequence (12.26.11) and induction. 

We prove the last statement. Observe that the natural maps P®(P, Z-l) —>• 
P*(P, fl-’ ) and H'‘{P,W (LI*)) are surjective for all i,j. (Clearly for i j and 
for i = j it follows from the fact that the isomorphism k = H'^{P,Ll^) and k = 
H^{P,'}P{fil*)) both given by the cup-product with dlog (ci(0(l)))* factor over 
H^{P, Z^).) We obtain short exact sequences for all i,j 

0 ^ H\P,B^) H\P,Z^) H\X,W{Ll')) 0 

and 

0 H\P, PJ+^) P*+^(P, Z^) P*+i(P, 0. 

The last statement of the lemma follows directly from this via descending induction 
over i. □ 
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Lemma 2.27. We keep the notations from above and set tt := ttx- Then the 
pushforward tt* : from \2. f).l\ is equal to the composition 

of the canonical map p^[N] —>• with the inverse of the 

isomorphism (I2.25.1|) (for (i, q) = (N, r + N)). 


Proof. Notice that there is a canonical map i?7r*/C^jY Px Px 

the vanishing statement of Lemma 12.251 We have to show that the pushforward 
TT* : Px is the inverse of the isomorphism (I2.25.il) . Let i : X ^ 

Px be a section of tt and consider the pushforward N] —>• 

The composition 


/C 


M 

r,X 




i?^7r*/C 


M 

r,Px 


1C 


M 

r,X 


is the identity. Hence it suffices to show that i?^7r*(u) is the equal to (12.25.11) . 
Further it suffices to check this in the generic point p G X. The statement 
now follows directly from the explicit description of the isomorphism Kff {k{rj)) = 

□ 




Theorem 2.28. Let D be an effective Cartier divisor on X and assume that Hred 
is a simple normal crossing divisor. For a scheme Y set Py ■= Py. Denote by 
TT : Px —>■ X the projection. Then for r > 0 we have on Xnis 

(2.28.1) R^^*^pPx\Po,m. = ^. foralli>N, 

and for i £ [0,iV] the cup product with ci(0(l))® £ Rdir^Kf^p^ induces an iso¬ 
morphism 

(2.28.2) - Uci(0(l))* : K^_,^x\D,ms ^ R^^*^pPx\Po,ms- 

If Dred ‘is smooth the same is true on Xzar "with IC^^^p replaced by 

Proof. This follows immediately by induction on the dimension of X, Proposition 
12.101 Proposition [2113 Theorem 12.191 and Lemma [2.251 □ 


Definition 2.29. In the situation of Theorem l2.28l above we define the pushforward 

TT* : R'P*IC^x,Px\PD,XisW] ^^X\D,Nis 
to be the composition 

o_ V-M TAP can. I| 2 . 28 . 1 |l' _ yM - 12 . 28 . 2 (' 

^~*i^r+N.Px\PD,PiisW \ ^ ^ ~*^r+Af,Px|Pi3,Nis ^ ^r,A|D,Nis' 

Notice that by Lemma [2. 271 this definition of the pushforward is compatible (in the 
obvious sense) with the pushforward tt, : R'P*lC(ff^x Px\-^\ ^^x froni l2.6.Tl 


3. Cycle Map to cohomology of relative Milnor iF-SHEAVES 
Let be a field and X an equidimensional scheme of finite type over k. 

3.1. The classical cycle map. Everything in this subsection is well known to the 
experts. We give the proofs for lack of references. 

3.1.1. Recall the notations from section [TJ In particular for n > 1 we have □" C 
(pi)n ^ ^pi ^ {oo})" = Spec k[yi,... ,yn]- By convention = Spec k. Denote by 
7r„ : X X —>■ X the projection. Recall that for r > 0, n £ [0, r] and Z C X x 
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an integral closed subscheme of codimension r, the dimension formula (see e.g. 
[EH A TV21 Prop (5.6.5)]) yields 


codim(7r„(2'), X) > r — n, 


where 7r„(Z) denotes the closure of 7r„(Z) in X, and equality holds if and only if Z 
is generically finite over TTn{Z). We can therefore define the a group homomorphism 


by 




(-I)™ • Nmfc(^)/fc(^„(^)){y„( 2 ),..., yi(z)}, 

0 , 


ei^f(fc(7r„(z))), 


if k{z)/k['Kn{z)) is finite, 
else 


where Z C X x □" is an integral closed subscheme of codimension r which meets 
all the faces properly and has generic point z G Z, yi{z) denotes the residue class 
of yt G Oxxa^,z and Nm;,/,n.^( 2 ) : K^{k{z)) —>■ {k{'Kn{z))) denotes the norm 

map on Milnor iG-theory. (By convention it equals multiplication with the degree 
[k{z) : k{-Kn{z))] if n = 0.) Clearly sends degenerate cycles to 0 and hence it 
induces a map 

: z'^{X,n) ^ 0 K^iHx))- 

xex('--") 

For n ^ [0, r] we define to be the zero map. 

Lemma 3.1. For r > 0 the collection of maps induces a morphism of 

complexes 

(^5, :z'-(X,2r-.)^C'*;,(X)[-r], 

where Cf ^ is the Gersten complex, see \2.1.l\ (It is defined for general X, see e.g. 
[Ros961 5.], but if X is not smooth it does not need to be a resolution.) Furthermore 
this map is compatible with restrictions to open subsets of X in the obvious sense. 


Proof. The second assertion is clear. For the first assertion we have to show that 
for n € [l,r + l], Z C X x □” an integral closed subscheme of codimension r with 
generic point z G Z intersecting all the faces properly and x G {T^niz)} H 
we have the following equality in K(f_i{k{x)) 

(3.1.1) 

where we denote by the composition of (pj” with the projection to the x- 

summand and : Kff \k{'Kn{z))) Kff_i{k{x)) and : z’"{X,n) z^{X,n — 

1) denote the boundary maps in C* x z'^{X, 2r — •), respectively. Notice that 
the factor (—1)'’ appears on the left hand side in the equation (13.1.11) since by 
convention the shifting operation [—r] on complexes multiplies the boundary maps 
by this factor. We consider two cases. 
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1st case: k{z)/k(TTn{z)) is finite. Set Zq = nn{Z). We have x € Zq^\ Denote by 
Z C X X (P^)"' the closures of Z. We have a commutative diagram 



in which the horizontal maps are the normalizations, j and j are open immersions 
and the other vertical maps are induced by the projection X x (P^)" —> X. Notice 
that Z, Z and Zq are finite over a neighborhood of any point of Zq^\ We compute: 




X- 




(z)) = (-ir 






iz){yn{z), ... ,yiiz)}) 


= (-ir E E ^^x/xmyn{z),-.-,yiiz)}) 

XqGI'q X^W ^(xq) 

= (-!)”’’ E E ^^l:/xidi:{yniz),...,yi{z)}). 

xoeiz-^{x) xei-^ixo) 


Here the first equality holds by definition of , for the second see e.g. [Ros96l 
(1.1), R3b and Thm (1.4)], the third equality holds since a point x € Z\Z has one 
of the Ui coordinates equal to 1 and therefore dx{yn{z), ..., 2 / 1 ( 2 )} = 0 in this case. 
In particular we can assume x G Z^'^ n7r„(Z). Since Z intersects all faces properly 
only the two following cases can occur: 

(1) X is not contained in any of the subsets 7r„(i9}(Z)), z = 1,..., n, e = 0, 00 . 

(2) There exists exactly one Zq £ {l,...,n} and one Eq £ {0, 00 } such that 

In case o we get 

In case ([2]) we set Eq := 1 if eq = 0 and Eq := —1 if eq = 00 and get 


= {-l)^r+zoi E Vi{y^„{zy»)-Xms,/^{v*{yr,{x'),...,y,„{x'),...,yi{x')}) 

x'e- 7 r~^(x) xeiy-^(x') 

= (-I)”’' E (-^y°~^■4■ord:^'(y^o(z))■^^x'/x{yl(x '},..., y^o(x'), ■ ■ ■,yn(x')} 

x'GTTn^ (x) 

= (-1)>E”'(^'"'(^))- 

Here the first equality holds by definition of the tame symbol, the second by the 
projection formula for the norm map and |Ful98[ Ex 1.2.3] and the third by the 
definition of the maps involved. This proves (13.1.11) in this case. 
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2nd case: k{z)/k['Kn{z)) has positive transcendence degree. In this case we have 
to show 

(3.1.2) 

This is clearly the case if there is no point in which is finite over x. Otherwise 
if such a point exists and we denote by IT C X x its closure, then the dimension 
formula yields 

r + 1 — n = codim(7r„(lT),X) = codim(7rji(lT), 7rji(Z)) + codim(7r„(Z'), X). 

By assumption codim(7r„(Z),X) > r — n. Hence Trn(W) = 7r„(Z) and since x is 
the generic point of 7r„(lT) we obtain: 

(1) The base change = Z xx{x x D") is an affine integral 1-dimensional 
scheme of finite type over x. 

(2) The natural map z ^ Z factors uniquely through the projection Z^ Z. 
Thus Zx C X X □" is an integral closed subscheme of dimension 1 which intersects 
all the faces properly and we have 

^r^n-i^gcyc^Z)) = 

where the maps on the right are : z'^~^(x, n) —>■ z'^~^{x, n — 1) and ■ 

z^~^(x,n — 1) —>■ Kff_i{k{x)). Denote by Z^ the closure of Z^ in (Pj),)" and by 
u : C —>■ Zx the normalization. Then by definition 

= ^ ^ v,{y-^)[x-.x'])-x') 

i—1 x'^Za:C\{yi—Oo) x^v~^{x') 

Vxiyi)[x : x']) ■ x'^j. 

x'eZxn{yi=o) 

Applying Px~x^’'^~^ using that Zx intersects all faces properly we obtain by a 
similar calculation as in the 1st case 

ip:-^’-\d^y^Zx)) = Y. ^rn,/x{d,{{yniz ),..., yi{z)}). 

xGC 

This is zero by the reciprocity law for the tame symbol (see e.g. |Ros96l (2.4)]). 
Hence the vanishing (13.1.21) . □ 

Corollary 3.2. Let X be a smooth equidimensional k-scheme and r > 0. Then 
the maps {Tij}ucx, where U ranges over all open subsets of X, induces a quasi¬ 
isomorphism of complexes of Zariski sheaves on Xzar 

: r>,Z(r)x ^ C;^[-r]. 

Here Z(r)jf is the complex of Zariski sheaves U i—>■ z^{U, 2r — •). In particular we 
have an isomorphism in Il^(Xzar) (also denoted by (jfx) 

(jfx '■ T>r'^{r)x —t Xx [“I*]- 

Proof. By the Gersten resolution for higher Chow groups (see |Blo861 Thm (10.1)]) 
we have W{Z{r)x) = 0 for all i > r. Thus it suffices to show that (fx induces an 
isomorphism W{lj{r)x) = TL^{Cf. x)- This follows directly from the definition of 

^ |B1o 86I Thm (10.1)] and the construction of the isomorphism CH''{k{X), r) ^ 
K(t^{k{X)) in |Tbi^ 3.]. □ 
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3.2. The relative cycle map. 

3.2.1. Let D be an effective Cartier divisor on X and denote by j : C/ := X\D ^ X 
the inciusion of the compiement. For r > 0 iet C* x\d the Cousin compiex of 

fC^x\D ^r ’x\D Cousin compiex of R€^,X^x\d nisj see 12.5.11 For n G [0,r] 
we define a morphism 

as the precomposition of the naturai map with 

(3.2.1) z’-(XlD,n)^z’'(X,n)u^ 0 iff (M^)) 

where z^{X,n)u C z^{X,n) is the subgroup of cycies on X x □" supported in 
U X □" (i.e. cycies on X x □" whose support is contained in t/ x cf. 11.1.41 ([T])) 
and the first map is the naturai inciusion from fTTTT^ (fT]). For n ^ [0,r] we define 
map. 

Proposition 3.3. Let X be a smooth equidimensional seheme and D an effective 
divisor sueh that Hred is a simple normal erossing divisor. For r > 0 the collection 
of maps (Fx^^’^)iez induces a morphism of complexes 

g,^x\D ■■ 2r - ^ C,^^|^(X)[-r]. 

Furthermore, this map is compatible with restriction to open subsets of X in the 
obvious sense and hence induces a morphism between complexes of sheaves on Xzar 

(j)^X\D ■ T>rZ{r)x\D 

U ^red 'is a smooth divisor (I>x\d as a morphism of complexes 

>77/ \ ^ r 1 \ I 

T>rZ{r)x\D C^x\D[-n - 1 

where the first map is induced by (13.2.11) . 


Proof. Once we know that V^5 c|d ^ map of compiexes it is ciear that it induces a 
map between compiexes of sheaves 4>x\d- statement we have to show 

the foiiowing: For n G [l,r + \], Z G C'^{X\D,n) (see Definition 11.111 with generic 
point z G Z and for aii points x G {7r„(z)} (~l the foiiowing equaiity hoids 


(3.3.1) 




where we denote by x composition of the projection to the 

x-summand and by '■ Hl~^z)A^*r-^x\D) ■ 

z^{X\D,n) —>• z’'(X|D,n— 1) the boundary maps in C^'x\d z^{X\D,2r — •), 
respectiveiy. 

Notice that the restriction of Ax^d ^ equais the map AiA from 13.1.11 In 
particuiar, for x G D the equaiity (13.3.11) foiiows from Lemma [3Tl Thus we can 
assume x G D. Therefore we have to show the vanishing of the left hand side in 
(13.3.111 . By definition of Ffl\D further assume that k{z)/k(TTn{z)) is finite. 
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Taking the definition of the boundary maps in the Cousin complex C^'x\d 
account we see that it remains to show the following: 

Denote hy Zq C X the closure of 7r„(2') and by zq = 7r„(z) G Zq its generic 
point. Assume k{z)/k{zo) is finite and x G D (1 Zq (1 Then we have to 

show 


(3.3.2) 




TTr—n 


( 1 ) 


M 
■r,X\D 


))• 


Observe that under the above assumptions we have x G Zq . Denote the com¬ 
position of the map (13.2. ip with the projection to the zg-summand by 


:z’'(A|D,n) 

Notice that (I3.3.2p holds if 


Tjr—n 




(3.3.3) e Im(H^7(/C5,|^), ^ i?:r(^AY|D))- 

Also, in case (I3.3.3p holds for all Z, we actually get that (13.2.111 induces a morphism 
of complexes. 

In the following we will show that (13.3.31) is satisfied if Zq is normal or if Dj-ed is 
smooth, and that (13.3.21) holds in general. This will prove the proposition. 

1st case: Zq is normal. In this case Zq is regular at x. Hence we find a regular 
sequence ti, ... ,tr-n G Ox,x with Ox,xl{ti, ... ,tr-n) = Let / G Ox,x be 

a local equation for D and denote by Dq = the pullback of D to Zq. The 

image of / in ^ is still denoted by /. We claim that in order to prove (13.3.31) 
it suffices to show 


(3.3.4) Nmfc(,)/fc(,„){y„(z),...,yi(z)} 

Indeed set v := Nmj.( 2 yj.( 2 jj){j/„(z),... ,yi(z)}. If the claim (I3.3.4P holds we can 
lift u to an element D G K^^x\d x (using the explicit description from Remark l2.5ll . 
We obtain an element (see (j2.0.5ll 'l 

G (H£"(/c(!"^|^))., 

which by Corollary 12.31 maps under restriction to the generic point of Zq to the 
element i^.„(Z) G = KniH^o))- 

We have = fc(zo). Therefore is generated by symbols of 

the form {1 -|- /a, ki, ..., Kn}, where a G ^ and Ki G k{zo)^ (see Remark [23]) . 
Denote by A the completion of ^ along the maximal ideal and by K its fraction 
field; it is a complete discrete valuation field with A as its ring of integers. Let m be 
the valuation of / G A. Then by Lemma lTfil the natural map {k{zQ)) —s- K^{K) 
induces an isomorphism 

K^{k{zQ))/{X^^^^^)x ^ K^{K)IU^K^[K). 

Therefore it suffices to show that the pullback of Nmfc( 2 )/fc( 2 (,){y„(z),..., yi(z)} to 
K^{K) lies in U'^K^{K). We have k{z) Zik(zo) R = Y\i Li, where each Li equals 
the completion of k{z) along a point in the normalization of the closure of Z in 
X X (P^)", which lies above x. Now we fix i and set L := Li. Denote by B the 


jy ■ , . . . , 

tl: ... : tr—n 
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normalization of A in L, by m its maximal ideal and by t : k(z) ^ L the natural 
inclusion. We set 


a,- := 




if i{yj{z)) e B 
if L{yj{z)-^) e B. 


By the compatibility of the norm map with pullback we are reduced to show 
(3.3.5) Nmi/^{1 + ai,..., 1 + a„} G U^K^{K). 

The modulus condition (|1.1.111 which the integral cycle Z satisfies translates into 


ai ■ ■ - On// G B. 

Up to permuting the factors aj (and therefore changing the element in (13.3.51) by 
a sign) we can assume that there is an integer y G [1, u] such that ai,..., G m 
and ... ,an G B^. A fortiori we have 

oi • G B. 

Then we can apply Lemma 12.71 ([1]), repeatedly (starting from s = ai, t = a 2 , 
a = b = 1) to obtain 

{1 + oi,..., 1 + a„} = {1 + uai ■ ■ ■ a^, A 2 ,..., A^}, u G B ^, Xj G . 

In particular, {1 + oi,..., 1 + a„} G (L), where e denotes the ramification 

index of L/K. Therefore (13.3.51) follows from Nm^/^(17™'®A",J^(L)) C U'^K^{K), 
see |Kat83[ Prop. 2] (also |Morl21 Thm 1.1]). 

2nd case: Zq is arbitrary. We denote by uq : Zq ^ Zq the normalization. It is a 
finite map and hence factors as a closed immersion Zq ^ := Px followed by the 

projection Px X. There is a generic point of Z x^o ^0 which maps to the generic 
point of Z and we denote by C Z Zq its closure. We can view Z' as a closed 
subscheme of Px x By construction the projection Px x □" —>■ A x □" induces 
a finite and surjective morphism Z' —>■ Z. It follows that Z' has codimension N + r 
in Px X intersects all faces properly and satisfies the modulus condition (11.1.111 
with respect to the effective divisor Pd C Px ■ Furthermore the closure of the image 
of Z' in Px equals Zq, which has generic point zq. Thus we can apply the 1st case 
to obtain 


(3.3.6) ^,,iZ') G Im(HL+^-"(/C“ ^ 

(1) 


where x' is any point in Zq^'^ l~l Pd- A fortiori 


• H 


'/ -|-iv —fi 


(^r+A.PxlPo))’ 


(3-3-7) 

Let a; G H n z\^'^ be as in (13.3.21) . Then there exists an open neighborhood V of 
a; X P in Px such that V Zq contains all 1-codimensional points of Zq lying over 
X and such that zij(^0 comes from an element in 


ut-\-N— n ( 
^ZqHV 


i("M \ 

’ ^r+Ar,P^|Po,Nis^ 


*(U,Pe./C,Vp,|pJ = 

(This follows from (I3.3.7|) and the fact that the Cousin complex is a resolution, see 
Corollary [5231) After possibly shrinking V we find an open neighborhood U C A 
of X such that V C Py and the complement ot ZqDV C ZqCiP y has codimension 2 
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in Zq. It follows from Theorem 12.221 that spreads out to an element 

of 


Tjr+iV—n/p _ \ 

^ZgnPv ''-r+Ar,Px|PD.Nis/ 


Now the pushforward from Definition 12.291 induces a commutative diagram 


Tjr-\-N —n 

ZonPv 




M 

r-\-N,Px \Pd ,Nis 


) 




r-\-N—n 


{Zor\V)xv Pv 




M 

r-\-N,Px \Pd ,Nis 


J 


Tzrr-\-N—n (iz'M 

^ZQ V'^r+iV,Px I Pd ,Nis 


) 


j^r-n 

Zonv 


(l^Nis, /C 


M 

r-,X|£),Nis 


) 


Tjr—n 

^zo 


i^^x\D,ms) 


For the equality on the right notice that both groups are equal to K:^{k{zo)). By 
definition of it is also immediate that ^JZ’) = ^T\d,zo^Z). Hence 

(I3.3.2|) also holds in the 2nd case. If D^ed is smooth the above proof goes through 
if we drop the ‘Nis’, hence (I3.3.3P also holds in the second case. This finishes the 
proof of the proposition. □ 


Corollary 3.4. Let X and D he as in Proposition \3 .kA and denote by j : U := 
X \ D ^ X the inclusion of the complement of D. Then for all r >1 we have the 
following commutative diagram in 'D^^Xzar) 


T>rZ{r)x\D ^ 

T>rZir)x -^^ 

<Px 

in which the lower horizontal map is an isomorphism. Here the horizontal maps 
are induced by the maps (fZx ^'x\d from Corollary \3.S\ and Proposition \3.3i 
respectively, and the left vertical map is induced by the natural inclusion and the 
right vertical map is induced by the natural inclusion l^^x\DWis ^ ^^Nis o^nd 
the isomorphism = IC^x from Corollary \2.21[ Furthermore if Dj-ed is 

smooth we can replace Re^,X^x\D Nis[~^] ^^x\dI~''’]- 

Proof. This follows directly from Corollarv l3. 2112.1711 Proposition l3.3l and Corollary 

D □ 


Remark 3.5. (1) The dlog map induces a natural map 

dlog : X^x\D ^ 05 ,(logD,ed)(-D), 

see the proof of ProDOsition l2.151 Clearly it also induces a map of complexes 
^^X\D f^^’'(logDred)(--D). The composition in V^{Xza.r) 


—>■ T>r'Zi{r)x\D -^ R^*i^^X\D,f^is 

^ i?e*(H|yNis(log^red)(-D)) = H|"(logDred)(-D) 
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is the regulator map defined in [BS14I (7.10)], at least up to sign. 

(2) Assume fc is a perfect field of positive characteristic. Denote by Wn^x (log 
the logarithmic de Rham-Witt complex for the log scheme (A, nOjf), 
see |HK941 4.]. It defines a differential graded algebra and we denote by 

Wn^'x{\ogD){-D) c tR„D^(logD) 

the differential graded ideal generated by Wn{Ox{—D)) = KeT{WOx —t 
WOd)- Then it is not hard to see that there is a natural map 

dlog : }C^x\D ^Wn^x(}ogD){-D), {oi,..., Or} i-A dlog[ai]---dlog[ar], 

where [—] : Ox —t WnOx denotes the Teichmiiller lift. Since the sheaf 
IT„D](.(logD)(—D) can be viewed as a coherent sheaf on A = Spec WOx, 

its Zariski and its Nisnevich cohomology coincide and as in (1) we obtain 
a cycle map 

Z(r)x|D ^ W'„D|’-(logD)(-D). 

Corollary 3.6. Assume Dred has simple normal crossings. Then the family {Tv\v*d^'^ 
where v runs through all Stale maps v : V ^ A, induces a morphism of complexes 
of Nisnevich sheaves 

'/’jCID.Nis ■ '^>rZ(r)x|D,Nis “t C*X|D,Ms[“''"]> 
see and \2.5.^ for the notations. By Corollary \2.24\ we get an induced map 

(still denoted by the same symbol) 4>x\d.Wis ■ ''■>r-^(^)A|D.Nis Id.MsI”’’] 

2?^(ANis) fitting in the following commutative diagram 

rj,, N ‘^VID.Nia 

T>rZ(r)x|D,Nis ^-^r.XID.Nist D 


T> 


.Z{r) 


X,Nis 


■ \ 

^r.X.Nisl 


in which the lower horizontal map is an isomorphism. 


Proof. It suffices to prove the existence of 4>x^jj That is, we have to see that 
for a map V' —?■ V between etale A-schemes the following diagram commutes: 


z^(V'lDy,,2r - .) {V')[-r] 


z^iV\Dy,2r - .) (R)[-r], 


where the vertical arrows are the restriction maps. By definition of in 13. 2. H it 

suffices to check this over U = X\D. Hence we can assume D = 0. In this case the 
statement follows from the definition of in 13.1.11 and the compatibility of the 
norm on Milnor A-theory with pullback, see e.g. |Ros961 Rlc and (1.4)Thm]. □ 


Proposition 3.7. Let X be a smooth equidimensional scheme and D an effective 
divisor such that D^ed is a simple normal crossing divisor. Then the map on Axis 
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induced by the cycle map 4 >^x\d nis surjective for all r > 1. Furthermore, if D^ed 
is smooth, with Nis replaced by Zai, the same statement holds. 

Proof. It suffices to show that for F X etale and elements a G 

bi G Ov{Uv)^ (where Uy ■= V Xx U) there exists a cycle a G z^{V\Dv,r) with 

d{a) = 0 in z'^{V\Dv,r — 1) that satisfies 

(3.7.1) (a) = {a, ... 6,_i} G JC^xioiV) C (M^))- 

We can assume that none of the elements a, bi is equal to 1. Denote by ra_f,i...,br-i 
the graph of the map Uy —>• (P^)’’ defined by a,bi,..., br-i and set 

z '.= n {Uy X 

Notice that Z is isomorphic to Uy, it has empty intersection with all faces and its 
closure Z dV x (P^)’’ is smooth and satisfies (with the notation from ll.ldl) 

{D X (Pi)'') Z <Ff-Z-, 

thus in particular it satisfies the modulus condition (ll.l.ip . It is immediate to check 
that a := (—1) 2 . [Z] satisfies ()3.7.1|) . This proves the proposition. □ 


Theorem 3.8. Let X be a smooth equidimensional scheme of dimension d = dimW 
and D an effective divisor such that Dred is a simple normal crossing divisor. Then: 

(1) H)^{X\D, Z{r)) = 0 = HX,^xisiX\D, Z(r)) fori>d + r. 

(2) The cycle map Z{r)x\D.ms ^ T->rZ(r)x|D,Nis *”" 

duces an isomorphism 




: H 


d-\-r 


^X\D,ms • 


,(X|D,Z(r)) ^ H<^{Xxis,IC^x\D,ms)- 


If moreover Dj-ed is smooth, then all maps in the following commutative 
diagram are isomorphisms 


(3.8.1) 


iJ^+’'(X|D,Z(r)) 




H^x^;xisiX\D,Z{r)) 


Ad,r 

i^XID.Nis 




We need the following two lemmas in the proof of the theorem. In the following 
we will freely use basic properties of local cohomology of Nisnevich sheaves, for 
details see |Nis89] . 


Lemma 3.9. Let k, {X,D) be as in Theorem \S.8\ above. Then on Xzav 


nf,{T>rZ{r)x\D) 


0, ifn< r, 

n%{n'^{Z{r)x\D)), if n>r andnffr+ 1, 


and for n = r + 1 there is a natural exact sequence 

0 ^ %],(%'- {Z{r)x\D)) ^ Vr,}\T>rZ{r)x\D) 'K(n'-+\Z{r)x\D)) ^ 0. 

Furthermore, the same statements hold when we replace Xzur and Z{r)x\D by Xnis 
and Z(r)x|D.Nis; respectively. 
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Proof. We do the proof for Z{r)x\D', h works the same way for Z{r)x\D,W\s- Con¬ 
sidering the spectral sequence 

= n%{'H\T>,Z{r)x\D)) ^ nUr>rnr)x\D) 

we see that it suffices to prove the following claim: 

(3.9.1) H^(-H^(r>rZ(r)jf|£,)) = 0, for all (a, 6) ^ {(1, r)} U ({0} x [r, 2r]). 


Clearly we have the vanishing for all (a, 6) € (Z x (—oo, r — 1]) U (Z x [2r -|- 1, oo]) U 
((—oo, —1] X Z). For a > 1 and b > r we have surjections (which are isomorphisms 
for a > 2) 


i?“-ij.H''(Z(r)y) - U‘h{U\Z{r)xiD)): 

where j: U = X\ D^X is the inclusion of the complement. Hence the claim 
(13.9.11) follows from 'H^{Z{r)u) = 0 for 6 > r, VP{Z{r)u) = (see Corollary 
13.21) and = 0, for a > 2 (by Corollary 12.21) . (For last vanishing in the 

Nisnevich case use that is the sheaf associated to H i-a x 


U)ms,lC%) = yix 


X 

□ 


Lemma 3.10. Let k, {X,D) be as in Theorem \S.f^ above. Then 
iifl)(^Zar,T>rZ(r)x|D) = 0, ifi>d + r, 

and the natural map 

H‘^-\Xze.r,Hh{n^mr)xlD)) - H^+"(Xzar,T>,Z(r)x|D) 
is surjective. Furthermore the same statements hold when we replace Xzur cmd 
’^{r)x\D by Xnis and Z{r)x\D,ms, respectively. 


Proof. We do the proof for Z(r)x|D; it works the same way for "^ir) x\d.W is- Con¬ 
sidering the spectral sequence 

= H<^{X,nUr>rnr)x\D)) ^ Hf,{X,T>rZ{r)x\D) 
we see that by Lemma [3l9] it suffices to show 

(3.10.1) H‘^{X,'H%(fH.^{Z{r)x\D))) = for b > r and a + b > r + d 
and 

(3.10.2) Ff“(X, n}j{n^iZ{r)x\D))) = 0, for a > d. 

For a closed immersion Ia '■ A ^ X denote by i'a ■ (abelian sheaves on X) 
(abelian sheaves on A) the unique functor which satisfies iA*i'A = Ea = see 
[SCA21 Exp. I, 1.]. (For the Nisnevich case, see [Nis89l 1.23].) We obtain 

H‘^{X,nUn^{Z{r)xiD))) = H‘^{D,t'Dn],in^{Zir)xiD))- 

Hence the vanishing (13.10.21) follows directly from Grothendieck’s general vanishing 
theorem [Tohokul Thm 3.6.5] by which the cohomological dimension of a noetherian 
scheme is less or equal to its Krull dimension. (For the Nisnevich case, see |Nis891 
1-32].) 

Next we prove (13.10.11) . Denote by the family of supports on X consisting 
of all closed subschemes A C X ot dimension dim(H) < n which intersect D prop¬ 
erly. Denote by r\D the smallest family of supports which contains all closed 
subsets of the form ACi D, with A S ^x\d- Notice that 

(3.10.3) dim(H) < n — 1, for H C D. 
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If Z C 17 X ^ is an integral closed subscheme of codimension r, then the closure 
Zo C X of its image under the projection to U lies in Since V}’{^{r) x\d) 

is the sheaf on Xza.T associated to 1^ i-A CH'~{V\Dv^ 2r — h) we obtain 

= 7L°^d+^-b{T-L^['7^{r)x\D)) 

^XlD 

and 

nUn\Zir)x\D)) = nld+r-b^^in\Zir)x\D)) = Hm ZAJAm\nr)x\D))- 
Thus 

H-(X,U%{H\Z{r)xiD)))= lim 4(^'(Z(r)x|D))), 

Ae‘S'‘i+^-'’nD 

which is zero for a+b > d+r since the cohomological dimension of ^ is < d+r—6—1 
by (j3.10.3|) and [Tohoknl Thm 3.6.5]. (For the Nisnevich case, use [Nis89[ 1.24] to 
get the equality above and then apply |Nis891 1.32] to obtain the vanishing.) □ 

Proof of Theorem \S.8l In the following, the subscript cr € {Zar, Nis} indicates in 
which topology we are. Denote byj : U = X \ D ^ X the inclusion of the 
complement of D. First notice that each abelian sheaf X on X^ has a T{Xa: —)- 
acyclic resolution of length d. (Take r<d of the Godement resolution of it is 
r(XCT, — )-acyclic by |Tohokul Thm 3.6.5] (resp. [Nis891 1.32]); see [Nis891 2.18] for 
the Godement resolution in case cr = Nis.) This shows that {X^, T^r^{r) x\d) = 
0, for alH > d + r, and hence 

■f^A 4 ,<r(-^l-D,Z(r)) = H\X„,T>rZ{r)x\D,cr), for i > d + r. 

We have an exact sequence 

H]+-{X,,T>rZ{r)x\D,a) ^ {X, , T>rZ{r) x\D ,a) ^ {U,, T>rZ{r)u,a) ■ 

For i > d the left hand side vanishes by Lemma 13.101 and the right hand side is 
isomorphic to H'-{Ua, and hence also vanishes. This yields the first part of 

the theorem. 

It remains to prove that 47i\D a isomorphism for cr = Nis and if Dj-ed is 

smooth also for a = Zar. In the following a = Zar is only allowed in the case 
where Dred is smooth. By Gorollarv 13.41 and Corollary 13.61 we have a commutative 
diagram 


- ^H'}+''{X,,Zx\d) - ^H<^+^{X^,Zx\d) - ^H^+^{U.,Zu) 

— ^U,cr ^DCX,ct *^X\D,<7 — ^U,a- 

w I ^ 

-- H%[X,,Kx\d) -- H<^{X,,Kx\d) -- id‘'(C/,,/C[/), 


where we use the short hand notations Zu = T>rZ(r)[/_cr, Zx\d = T>r'7^(.f) x\d. a^ 
Xu = X^jj^ and Xx\d = ^^x\d o-’ rows are the localization exact sequences 
and the maps are isomorphisms (see Corollarv l3.2F Since Zx\d) = 

0 by Lemma [3. 101 the map H‘^^^{X„, Zx\d) {Ua, Zu) is surjective. Hence 

it suffices to show that a isomorphism. For b > 2 we have by Corollary 

[U 
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Also = 0, since fC^x\D <7 definition a subsheaf of Thus 

Hfy{Xa,lC^x\D a) ~ a))' have a commutative diagram 




H' 


d-l 


{x,,nUic^x\D,.)) 


Hi+-iX^,T>rZir)xlD.a) 

^D(ZX ,(7 


in which the top horizontal map is surjective by Lemma 13.101 Thus it suffices to 
show that the map 

(3.10.4) nh{n^z{r)xiD,.)) ^ nhiic^x\D,.) 

induced by (I>^x\d a isomorphism. To this end, consider the following commu¬ 
tative diagram 


W{Z{r)x\D,a) - ^J*n^mr)u,a) 


f^X\D,t 


k^M 

■ ^r,X\D,(7 ' 




M 

r,U,<7 


■'HUn^{Z{r)xiD,a)) 

I.S.lO.ltl 


■nUlC^xioJ 


Here the rows are the localization exact sequences, the map (j)^ ^ is an isomorphism 
(see Corollary IQ) and (lfx\D a surjective by Proposition 13.71 It follows that 
(i 3 .lO. 4 p is an isomorphism. This finishes the proof of the theorem. □ 


Remark 3.11. (1) It follows from Corollary 13.61 and Lemma [3.91 that the ob¬ 

struction for the cycle map (j)x\D,ms ■ T>r'^ir)x\D,Nis 
be an isomorphism is the non-vanishing of 

'H^('H"'(Z(r)x|D,Nis)) = Ker(H"(Z(r)x|D,Nis) ^ j*^"(Z(r)( 7 ,Nis)), for n > r. 

Indeed, if this vanishing holds, then 'H^{Z{r)x\D,ms) = 0, for all n > r 
and n 7 ^ r -h 1, and 'H'^n^{Z{r)x\D,ms) = (Z{r)x\D,mis)) by Lemma 

13.91 Hence H"(Z(r)x|D.Nis) = 'H^{Rj*'^{r)u,Nis) = 0, for all n > r-|-2. For 
n = r we obtain a commutative diagram 


0-- n-{Z{r)x\D, ms) -- >H’'(Z(r)[i.Nis)-- H],in'^{Z{r)x\D,ms)) -- 0 


0 


/c 


M 

r-,A|D,Nis 


7 IC^ 


Here the rows are exact, the left vertical map is surjective by Proposi¬ 
tion 13.71 and the right vertical map is bijective by the Nisnevich version 
of Corollary 13.21 It follows that the left vertical map is an isomorphism. 
Furthermore the right exactness of the top row yields that the natural 
map n^j^\Z{r)xiD,ms) ^ A|D,Nis) is the zero map and hence 

W+Hnr)xiD,ms) C W+\Rj,Z{r)u,ms) = 0. 

If we assume that Hred is smooth, then a similar remark applies for the 
corresponding Zariski statement. 
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(2) Going back through the proofs, one easily checks that the commutative 
diagram (I3.8.1|l of isomorphisms exists for all divisors D whose support has 
simple normal crossings and which satisfies that (12.10.11) is an isomorphism 
(for all (m, v)). 

Corollary 3.12. Let X be a smooth curve over k and D an effective divisor on 
X. Then we have isomorphisms 

ilX,.Nis(^lAZ(l)) - = CHl(X|i^,0). 

Proof. The first isomorphism follows from Theorem l3.8l and Hilbert 90. The second 
isomorphism is classical and follows from the fact that the two term complex 

a:e(X\|D|)(i) xe|D|(0) 

is the Cousin resolution of □ 

Remark 3.13. Let {X, D) be as in Theorem |3^ with d = dimX. We have a natural 
map 

(3.13.1) CHi(XlAl-d) ^i?l+k(^lAZ(l)). 

If d = 1, this is an isomorphism by Corollary 13.121 But Theorem 13.81 implies that 
it is in general not an isomorphism for d > 2. Indeed, assume d = 2, then the 
left-hand side vanishes, whereas the right-hand side is equal to id^(XNis, Cx|d)- 
The short exact sequence of Nisnevich sheaves 0 — i*Of, 0 
induces an isomorphism of H^{Xms: with the cokernel of Pic(X) —Pic(Il). 

But in general, this cokernel will not be zero, since not every line bundle on D lifts 
to a line bundle on X. Note that this non-vanishing already occurs for reduced 
and irreducible D. In particular, also the Zariski version of (j3.13.1|) is not an 
isomorphism in general. For further counter examples in this spirit see Theorem 

EH (P). 

4. Motivic cohomology of (A^, (m -I- 1) • {0}) 

4.1. Big de Rham-Witt Complex. A truncation set S' is a subset of the positive 
integers with the property that a positive integer s is an element of S if and only 
if all positive divisors of s are contained in S. Examples are the sets {1,2,..., m} 
and P = {l,p,p^,.. .}, for p a prime number. For a truncation set S and n G N 
we define the new truncation set S/n := (s G S|ns G S}. Notice that S/n is 
the empty set if and only if n ^ S. We denote by J the category of truncation 
sets, where the morphisms are inclusions. We denote by (dgaz) the category of 
differential graded Z-algebras in the sense of |I11791 0, 3.1]. 

Let i? be a ring containing a field. Recall (see e.g. [Hesl5l 4]) that the big de 
Rham-Witt complex of i? is a functor 

J°P^(dgaz), S^WsH^, 

that takes limits to colimits and which is equipped with graded ring homomor- 
phisms, called Frobenius morphisms, 

Fn '■ 'Wg/nLtj^, S G J, n G N, 
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and homomorphisms of graded groups, called Verschiebung morphisms, 

Vn '■ —>■ S & J,n G N. 

These maps are in fact natural transformations between functors on J (in the 
obvious sense) and satisfy various relations, see [HeslSl Def 4.1]. Notice that since 
R is defined over a field we have dlog [—1] = 0 S for all S (see |Hesl51 Rmk 

4.2, (c)]) and is a quotient of f^Ws(R)/Z' implies that is really 

a differential graded algebra in this case; in particular the relation x ■ x = 0 for a 
homogeneous element x G of odd degree holds. 

Some facts: = 0, = Ws(i?) = the ring of big Witt vectors, 

~ ^R/z “• ^ finite truncation set S the dga is a quo¬ 
tient of ^Ws(R)/z- follows that the restriction maps —>■ Wt^'h (T C S) 

are surjective. Finally if R is defined over a field of positive characteristic p, we 
have the p-typical de Rham-Witt complex of length n 

of Bloch-Deligne-Illusie. When working with the p-typical de Rham-Witt complex 
we write F'* = F^b and = VpB. We set '■= W{i^ 2 ....,m}^^R- 

Lemma 4.1. Let k be a field and {Ri)i^i a direct system system of k-algebras. Set 
R — liin .^^ Ri. Then for all finite truncation sets S we have 

iei 

Proof. For a finite truncation set S, we put Eg := ©^>0 . We have 

a natural map of graded rings Eg —>■ Ws^r- Furthermore for a general truncation 
set S we define Ea := lim„ „ E^, where the limit is over all finite truncation sets T 
contained in S and the transition maps are induced by the obvious restriction maps. 
It then straightforward to check that S Eg is a Witt complex over R (in the 
sense of [Heslbl Def 4.1]). Since W-Llg is the initial object in the category of Witt 
complexes, we obtain a morphism of graded rings Ws^r —> Eg for all truncation 
sets S. For a finite truncation set this map is clearly inverse to the natural map 
above. □ 

4.1.1. Relation big - and p-typieal de Rham-Witt. Let i? be a ring containing a field 
of characteristic exponent p > 1 and S G J he a. finite truncation set. Set 

es:= n (l-i^Kl))€Ws(i?), 

primes £ £ S 

where the product is over all primes £ G S different from p. Then for all g > 0 there 
is an isomorphism of abelian groups 

jes 

U.p)=i 

where P = {l,p,p^,...}, with inverse map given by 
(4.1.1) n 

j€S j ^ 

(J,P) = 1 

where aj G Ws/j^r is some lift of aj G '^s/jnP^R- These isomorphisms are 
functorial in S in the obvious sense. (See [HMOll 1.2] or |Rul07l Thm 1.11].) 
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4.1.2. Let X be a scheme over a field and S a truncation set. Then there is a unique 

sheaf of groups Ws^x ^ such that for any open affine U = SpecR C X we 
have r(X, Indeed, this is true for the p-typical de Rham-Witt 

and therefore if S' is a finite truncation set we have to set 

j€S 

and if S is infinite then Ws^x ■— Wt^'x, where the limit is over all finite 

subsets. Clearly all the structure maps sheafify. Notice that = WsOx is 

the sheaf of big Witt vectors over X. 

Remark 4.2. In case p = 1 the isomorphism from 14.1.11 above has the shape 
MmK = UT= It is direct to check that under this isomorphism the re¬ 
striction —>■ is given by projecting to the first m — 1-components. 

In particular we have an exact sequence 

^ ^ 0 . 

4.1.3. Let fc be a perfect field of characteristic p > 0 and R an essentially smooth 

fc-algebra. Let C~^ : —?> B\ be the inverse Cartier operator, where = 

Recall that it is injective with image Z\/B\, where Zf = Ker((i : —>■ 

We obtain a chain of subgroups (see e.g. [BK861 (1.3)]) 

0 = B^CB!C...CB^C C ... C C C ... C Z^ C Z^ := 11^, 

where by definition C~^{Bl) = Bf_^_^/B’[ and C“^(Z®) = Z^_^_^/B’[, for i > 0. 
Notice that we can iterate the inverse Cartier operator n-times to obtain a morphism 

c-'*: ^ nyBi 

which is injective and has image equal to Z'^^jB‘^. By convention C~^ = id. 

Let m > 1 be an integer and write m = mip® with (mi,p) = 1 and s > 0. 
Following |BK86l (4.7)] we define 

Q ■ ^ (L!|j/Bf) © (fllrV^r'), a ^ (-l)^-imiC-^(a)) 

and 

gr^(R) := Coker(0 : ^ (fl|j/R«) © (n%-^/Br^)). 

(This is the group denoted by in [BK861 (4.7)], for n > s.) 

Proposition 4.3 (cf. |I1179I I, Cor 3.9], [HK941 Thm (4.4)]). In the above situation 
let m be a positive integer and write m = mip® with (mi,p) = 1 and s > 0. Then 
there is an exact sequence of groups 

where the map on the right is given by restriction and the map on the left is induced 
by 

^ (a,/3) ^R„(a) + (-l)W™(/3). 

Proof. For j G {l,2,...,m} with (j,p) = 1 denote by n[j,m) the unique integer 
> 1 satisfying 
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We get 


n(j, m) 


s + 1, if i = RT-i 

— else. 


Hence under the isomorphism from H.lTTl the restriction —>■ be¬ 

comes 


( \ 


( \ 

l<j<m 

\ .(:?,p) = i / 

X —>■ 

l<i<m ; 


X WM%, 


which is the identity on the first component and the restriction Wg+i —> Wg on 
the second. (Here = 0 for s = 0, by convention.) Thus the kernel of 

WmH|j —> is given by the image of 

gr^WHfj := Ker(W,+iH|j ^ 

under the isomorphism of 14.1.11 By |I11791 I, Cor. 3.9] there is a surjection 

^ ® W -^ /^) -f (-1)W®(/3) 

with 

{ d9 y<j-i 

(a, /3) G ^ I = (-l)«-'dH^(/i) 

It follows that for any (a,/?) G Kerip there exist elements a', (3' G with 

(a,/3) = (C-'-(da'),C'-«(/3')). 

Now take any a",13" G lifting ol ,f3'. Then by |I11791 I, Prop. 3.3] 

a = C-^{da') = F^{da") mod H|, /3 = C-%/3') = F‘‘{l3") mod 

Now miH®(a) = (—l)'^“^dy®(/i) yields 

mip^da" = (—l)^“^p®d/3" in Ws+i^\- 

Since the map —>■ given by lifting and multiplying with p® is 

injective by |I11791 I, Prop. 3.4], we obtain 

/3' = TOi(—l)^^a' mod Zi~^. 


Define 


0' : ^ a ^ (C-®(da),mi(-l)^-iC-®(a)). 

We obtain 


Ker p! = lin 9'. 


There is a natural surjection 

gr^(i?) = Coker 9 -» Coker 9'. 


This map is in fact an isomorphism, as follows directly from the observation Ker 9' = 
Zl~^ and the Snake Lemma. Altogether we see that tp induces an isomorphism 
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gr^(i?) —5- Finally the composition of ijj with the isomorphism (14.1.11) 

sends (a, /?) € to 

T^Vrr^.ies/mimiVp^ (a)) + (eg/^, (-1) Wp» (/?)) 

=1471ip“ (.Pp® (cS/mi )®) + (.Fp® (cs/mi )/3) 

=Kn(a) + (-l)Wm(/3), 

where we set S := {1,... ,m} and view Vpo as map W{i} = Wg/mip® —t Wg/mi- 
This finishes the proof. □ 

Proposition 4.4 (cf. [HK941 Prop. 4.6]). Let k be a field, X a regular scheme 
over k and S a finite truncation set. Then there is a surjective morphism 

(4.4.1) {WsOx ©z A|0^) © {WsOx ©z aV<^x) ^ 
which on local sections is defined by 

(w © Oi A ... A Oq, 0) i-A w dlog [oi] • ■ • dlog [afi 

and 

(0, li; © oi A ... A aq-i) i—>• dwdlog [oi] • • • dlog [oq-i], 
where [—] : > WsO^ denotes the Teichmiiller lift. Furthermore, if F C k is 

the prime field ofk, the kernel of this map is the sheaf of WsiF)-modules generated 
by the local sections 

(4.4.2) (14([ai])©ai A... Aa,, 0) -n(0,14([ai ])©02 A.. .Aa,), Oi € Ox,n G S. 

Proof. Denote by Es the sheaf on the left-hand side of (14.4.11) and by Ks the 
sheaf of Ws(F')-modules generated by the elements (|4.4.2|) . Clearly there is a well- 
defined and unique morphism Es —t WgD^ as in the statement. Further the 
relations dWs{F) = 0, ndVn = Vnd and Ki(Q;dlog [a]) = Vn(a) dlog [a] imply that 
Ks lies in the kernel of this map. The rest of the statement is local. Hence we may 
assume that X is the spectrum of a regular local fc-algebra R. By |Pop86| (2.7) 
Cor] i? is a filtered direct limit of local rings which are essentially smooth over E. 
Hence by Lemma ITTI we can assume that R is essentially smooth over F. Consider 
the following group homomorphism 

(4.4.3) Es/jnp -t Es 

jes 

(i>p)=i 

given by 

{xj<S>aj,yj(^bj)j ijVj{<^S/jXj)0aj, jPj (esA%) © j , 

j ^ '' 

where Xj,yj £ 'Ws/jnp{R)^ Xj,yj G Ws/j{R) are lifts of Xj,yj and Oj G A^i?^, 
bj G A'^~^R^, the cs/fis are the ones from 14.iT] and p is the characteristic exponent 
of F. The isomorphism (14.1.11) for g = 0 immediately gives that (14.4.31) is an 
isomorphism. We obtain a commutative square 


Es 

iHXsl 


114.1.11 


n , Es/jnP 

Cj<p) = i 


n 

0,p)=i 
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In case p = 1 it is straightforward to check that the bottom horizontal map is 
surjective with kernel equal to Ks/jnp- (It suffices to show 
which is easily done using the universal property of In case p > I, this follows 
from |HK94[ Prop. (4.6)]. (Notice that ^s/jnp^p) is a quotient of Z and hence 
Ks/jnp is equal to the group generated by the elements (I4.4.2|) .') Hence the top map 
is surjective. It is a direct computation that the vertical arrow on the left-hand 
side maps into Kg (use ^Vj{xy) = ^Vj(x)Vj(t/)). This finishes the 

proof. □ 

Remark 4.5. Let S' be a finite truncation set and p > I the characteristic exponent 
of the perfect held F. The Ws(F)-submodule of (WsOjc t^O\) © (WgOx 

generated by the elements (14.4.21) is actually equal to the group generated 
by the elements 

(4.5.1) (I4([Aai]) © oi A ... A OqjO) - n(0, t4([Aai]) © 02 A ... A a,), 

for Oi G , X G F,n G S. 

Indeed, take n,r G S, X G F, a G and write n = n'p* with {n',p) = 1 and 
r = r'p® with (r',p) = 1 and c := gcd(r',n) = gcd(r',n'). Notice [A] = P),s[A] S 
Wg{F). Then on the one hand we get 

^^^([A]) • ^I4([a]) ©a, -nI4(a)^ =p®I4,([A]) • ^I4([a]) ©a, -nVn{[a])^ 

nr' r' , nr 

y^([Acac])©ac, -H^v^iiXcac]) 

c c 

On the other hand we have 

^H„([Aa])©a, -nH„([Aa])^ = ^Vn'{[X]) ■ ^H„([a])©a, -nVn{[a])^. 

4.2. De Rham-Witt and relative Milnor i^T-sheaves. 

4.2.1. Let i? be a noetherian local domain containing a held. We denote R{{T)) := 
i?[[r]][i]. By dehnition the r-th Milnor K group of R{{T)) is the quotient of 
i?((r))®^’' by the subgroup generated by the elements 

&i © ... © bi-i © a © (1 — a) © bi+2 ^ . .^br, 

bi G R{{T))^, a,l — a G R{{T))^. Notice that R{{T)) is a local ring containing an 
inhnite held. Hence the relations {a,—a} = 0 and {a, 6} = —{b,a} hold, see e.g. 
[KerOQl Lem 2.2]. In particular our dehnition of {R{{T))) coincides with the 
one from [BK861 4.] and also with {R{{T))) dehned in [Ker09) . Let K be the 
fraction held of R then the natural map {R{(T))) ^ {K{{T))) is injective, 

see [Ker09[ Prop 10]. 

We denote by 

U^K^{R{{T))) 

the subgroup of {R{{T))) generated by symbols of the form 

{1 + xT™, yi,... ,y._i}, a: G R[[T]],y^ G RmV ■ 

Notation 4.6. Let X be a regular connected scheme over a held and = 
SpecZ[T]. For m > 0 we set 

Ax\m := {X Xz A^, m • {X x {0})). 
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We define in 12.1.11 (there for a smooth scheme) and as in 

Definition 12.41 

Lemma 4.7. We keep the notations from above. Let j : X x (A^ \ {0}) ^ X x 
be the open immersion and x € X a point. Set R := Ox,x- Then for all m > 1 
there is a natural isomorphism 

where we view x via X = X x {0} ^ X x A^ as a point on X x A^. 

Proof. Set A := Oxxa^,xx{o} and K = Frac(A). As in Lemma [01 and Remark 1 2.5 1 
we have the following equalities of subgroups of {K(T)) 

{R^^,XxiA^\m)xx{,} = {(^[^])^ . . . , (kl[^])"}, 

= {1 + (A[i])^ ..., (A[A])X}. 

Since under the natural map K{T) ^ K{{T)) the ring A[i] is mapped into R{{T)) 
and (1 + T"^A) is mapped into (1 + T"^R[[T]]), we obtain a natural map as in the 
statement. The inverse map is constructed in the same way as in Lemma 12.61 □ 


4.2.2. We recall (see e.g. [HeslSl Ex. 1.16]) that for all m > 1 and all rings R, 
there is an isomorphism of groups 


" ^ ^ E ''"'[“J) - n a+ 

There are different conventions for this isomorphism (see [HeslSl before Add 1.15]), 
we pick the one which is compatible with |BK86j . 


The following theorem generalizes the above isomorphism to higher degree and is 
reminiscent of Bloch’s original construction of the p-typical de Rham-Witt complex 
in |Blo77| . 


Theorem 4.8. Let X be a regular scheme over a field. For r > 0 and m > 1 there 
is an isomorphism of sheaves of abelian groups on X 


(4.8.1) 
which sends 


Wmn^x 


trM 

'W+l,Ax|l 

i-M ■ 

'W+l,Ax|(m+l) 


wdlog [oi]-- - dlog[ar.] { 7 (ui), oi,..., o^} 


and 

dwdlog [oi]--- dlog[ar._i] i-A (-l)’'{ 7 (w), oi,..., a^-i, T}, 
where w S WmOx,ai € O^. 


Proof. Denote by A C Ox the prime field and by p > 1 its characteristic exponent. 
We will need the following lemma: 

Lemma 4.9. With the above notations we have in Ax|(m+i) 

{1 + aiT”, A, 02,..., Or} = 0, 

for all Qi € O^, X € F, 1 < n < m and r > 1. 
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Proof of Lemma \4^ If p > 1, then F = ¥p and the statement follows directly from 
X = \p\ for A G Fp and s > 0. Thus we assume p = 1, i.e. F = Q. For all u > 1 
we have the map 

dlog : 

where {0}x = X x {0}, at our disposal, see the proof of Proposition 12.151 By 
Proposition l2.151 (12.15.11) and the fact that the composition (12.15.31) is equal to the 
differential, the dlog map induces injective maps on the graded pieces 

^fl 5 ^(log{ 0 U)(-(u+l){ 0 }x)’ ■ 

Hence also the induced map 

ogm+i ■ n;t'(iog{o}x)(-(m + i){o)x) 

is injective. Since dlog^_|_]^({l + air". A, 02 ,..., 0 ^}) = 0 the Lemma is proven. □ 

We resume with the proof of Theorem 14.81 By the above Lemma the following 
equality holds in for all Oi € , A € F" and 1 < n < m, 

{1 + AoiT”, Oi, 02 , ..., Or} 

= {1 + AoiT", Aoi, 02 ,..., Oj.} — {It AoiT", —AoiT", 02 ,..., o^} 

= (-l)’'n - {IT AoiT", 02 ,..., Or, T}. 

This together with Proposition 14.41 and Remark 14.51 directly implies that there is a 
well-defined map as in the statement. To show that it is an isomorphism, we may 
assume that X is the spectrum of a regular local ring and by |Pop 86 [ (2.7) Cor] and 
Lemma l4.11 we may further assume that X = Speci?, with R a local ring which is 
essentially smooth over F. 

We first assume p > 1. In view of Lemma 14.71 the map defined above has the 
shape 

^ t/iiL,^i(i?((T)))/t/™+iiF,^i(R((r))) := jU'^+K 

This map clearly induces a morphism from the exact sequence from Proposition 
14.31 to the exact sequence 

0 ^ ^ U^/U"^ 0 . 

The map on the kernels gr^(i?) precomposed with the natural sur¬ 
jection njj 0 gr^(i?) is given by 

(a dlog 61 A ... A dlogfer, 0) H> {1 T aT"*, 61 ,..., W} 

and 

(0, a dlog 61 A ... A dlog 6 ^.- 1 ) H> {1 T aT"*, 61 ,..., 5 ^.- 1 , T}, 
where a € R, bi € R^. This is the map pm from |BK861 (4.3)], which by [BK861 
Rmk (4.8)] induces an isomorphism gr^(i?) ^ , for all m > 1. Hence 

(14.8. 1|) is an isomorphism by induction on m. 
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Now assume p = 1, i.e. F = Q. In this case the map (j4.8.1|) induces a morphism 
from the exact sequence of Remark 14.21 to the exact sequence 

1C^ 

l^r+l,AR\m ^ A-^+i,Ab|1 A-^+1 ,Ab|1 ^ „ 

^ V-M irM irM 

^r+l,AR|(m+l) r+l,AH|(m+l) r+l,AH|m 

where we abuse notations and write R instead of Spec R. The map on the kernels 
is given by 

(4-9.1) ^ /c)!^i.A«|„//c()ti.A„i(™+i) 

adlog6i A ... A dlogfe^ H- {1 + ... ,6^}, 

a G R, bi G R^, and it suffices to show that this map is an isomorphism. With the 
notation from (12.12.11) the global sections over Sped? of the sheaf ^ ^ are 

T^-R®r {n^R © A dlogT)) 

and the differential d : ^ is given by 

d(T™ © (a,/3 A dlogT)) = r™©(da,(-l)’-ima + d/3)A dlogT). 

It is direct to check that lljj ^ ^AR|m,m,i/-^AR|m,m u « ^ ® i® an 

isomorphism. Hence, by Proposition 12.151 the map (14.9.1|) is an isomorphism as 
well. This finishes the proof. □ 

Corollary 4.10. Letp be a prime number and R be a regular localWp-algebra. Then 
the multiplication with p on {R{{T))) induces an injective homomorphism 

c/™T:/^(i?((T)))/c/™+^F/^(i?((r))) ^ c/p™F/^(i?((r)))/c/p™+^F/^(i?((r))), 

for all r,m > 1, . 

Proof. As above, using Lemma [4.71 and |Pop86[ (2.7) Cor] we reduce to the case 
where R is local and essentially smooth over Fp. In this case, lifting and multiplying 
with p induces an injective map p : by [111791 I, Prop 3.4] 

and l4.1.il Hence the statement follows directly from Theorem 14.81 □ 

4.3. Motivic cohomology of (A^, (m + 1) • {0}) and additive Chow groups. 

Let fc be a field of characteristic ^ 2. We write = Specfc[T]. 

4.3.1. Recall from |Rul071 Thm 3.20] that with the notation from 14.61 there is an 
isomorphism for all m, r > 1 

(4.10.1) 0:CH’-(Afcl(m + l),r-l) 

which sends the class of a closed point P G (Aj, \ {0}) x (P^ \ {0,1, 00 })’’“^ to 

e{[P]) = Tik{P)/k ( [yi(-P)] ■ • ■ dlog [yr-i{P)]^ , 

where Trfc(p)/fc : is the trace map from [Riil07[ Thm 2.6]. 

Let / G 1 + TA:[T] be an irreducible polynomial of degree < m and denote by 
uj{f) G Wm{k) the corresponding Witt vector, see 14.2.21 Let P,Q G (A^ \ {0}) x 
(P^ \ {0,1, 00 })’’“^ be two closed points defined by the following vanishing sets 

(4.10.2) P = !/(/, 2/1- 61 ,..., 2 /,_i-6 ,_i), b, G , 

(4.10.3) Q = V{f,l-Tyi,y2-bi,...,yr-i-br-2), h G . 
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Then 

e{P) = w{f) dlog [h] ■ ■ ■ dlog [K-i] G 

and 

9{Q) = dw{f) dlog [6i] • ■ • dlog [br- 2 ] G 

(Indeed, set L := k[T]/{f) and denote hy t G L the residue class of T. Then the 
above formulas follow immediately from the fact that Trj;^/^ : t is 

a map of differential graded Wmid*-niodules (see |Rul071 Thm 2.6]) and the fact 
that = w(/), see lRiilOTl (3.7.3)].) 

Lemma 4.11. The cycle map : T>rZ{r)A^,\(ni+i) ("see 

Corollary \3.4\ in the case where I?red smooth) induces an isomorphism 

(4.11.1) iJ)(+i(Afc|(m+l),Z(r)) ^17iXf(fc((T)))/[/-+iXf(fc((T))), 

for all r,m > 1. 


Proof. By Theorem 13.81 the cycle map induces an isomorphism 


H)+\Ak\{m+l),Zir)) ^ H\AI IC^AMm+i))- 
Set Q := obtain an exact sequence 



Now the term on the very right vanishes by homotopy invariance and for the same 
reason the term on the very left equals K)^{k). Furthermore Q is supported at the 
closed point x := {0} G and therefore Q) = }C^Al,x/^^Ak\{m+i),x- We 

obtain an isomorphism 


(4.11.2) 






Ak\{.r 


+ 1 )) = + 


The statement follows from Lemma 14.71 and the observation that the right hand 
side is canonically isomorphic to xl^^Ak\{m+i) x- latter it suffices 

to show that T i-A 0 induces an isomorphism /C^i x ^ which is a 

special case of Proposition [2T0l □ 


Theorem 4.12. Let k he a field of characteristic ^ 2. The following diagram is 
commutative for all r,m > 1 


CH^(Ai|(m + l){0},r-l) 
(_irG-i)/2. ii4.io.it 


H)+\Al\im + imMr)) 




) I ^ Ik 


114. 11. H 

■ c/iRTf (fc((r)))/c/™+iiG/^(fc((r))). 


In particular the natural maps 

CH'-(Ail(m + 1){0}, r-n)^ + 1){0},Z(r)), n > 1, 

are isomorphisms. (Notice that for n > 2 the left hand side is clearly zero and the 
right hand side is zero by Theorem \3.8\ ) 
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Proof. We show that the two compositions 

a : CH"(AfcKm + l),r - 1) ^ H^+\AlZ{r)A,iira+i)) 






and 

/? : CH'-(Alfc|(m + l),r - 1) 


U^K^{k{{T)))/U’^+^K^{k{{T))) =: U^lU'^+^ 


vial4AL2)^ ejI^aI ^ 

> U , l^r,Ak I (m+1) ) 

coincide. By Proposition 14.41 and 14.3.II it suffices to show 


a{P)=P{P), a{Q)=/3{Q), 

where P and Q are the points defined in (|4. 10.21) and (I4.10.3L respectively. In the 
following we fix the elements / G 1 + rA:[r] and bi € k^ defining P and Q. Using 
the Cousin resolution of see 12.5.11 we get a surjection 

a;eAi\{0} 


Set L = k[T]/{f) and denote by t G L the residue class of T. We denote by 
ZL : ifAi(A) ^ ^f'(AL^“A.|(™+i)) the map induced by the above surjection. 
Then by definition of see 13.2.11 and 13.1.11 we have 

a{P) =iL{{br-i,...,bi}) and a{Q) = ZL{{br- 2 , ■ ■ ■ ,bi, j}). 

On the other hand the images of P and Q in under the composition 

(I4XT11 o ((-IjK'-il/s . (I4.in.l0 equal 

P^{6,_i,...,6i,/}mod t/™+i 


and 

Q ^ -{br- 2 , ...,bi,T, /} mod 

We have to compute the images of these elements under the connecting homomor¬ 
phism 

(4.12.1) C/Vt/-+i ^ H\AllC^AMm+i))- 

To this end, let C* := r(A\C'*^i) and •= r(A\ C'* Afc|(m+i)) the global 

sections of the Cousin complexes of and respectively, and v : 

-A- C* the natural map between them. Notice that C° = {k(t)) = 

Set D* = cone(C')^^2 C*), i.e. D* is the complex sitting in degrees [—1,1] 

^m+1 ^ ^ ^ ^m+1 ^ ^ 

with d~^{a) = (a, —and d^{b,c) = d^i^b) + ^{c). Then D* is quasi¬ 
isomorphic to (see after ()4.11.2|) 1. The boundary map (|4.12.1|) is given 

by: 

1. Lift an element from C/VU^+i to Ker(dO) C 

2. Apply —TT, with tt : C° © -A the projection. 


































HIGHER CHOW GROUPS WITH MODULUS AND RELATIVE MILNOR A-THEORY 53 


3. Consider the class of the resulting element modulo the image of ■ 

Cm+l —>■ C^+l- 

The boundary is given by the tame symbols dx along the various points x G Aj.. 
We have 


dx{{hr-i,. ■. MJ}) 


iix = V{f), 

0, else, 


and 


dx{-{br-l,...,h,T,f}) 


0 , 


iix = V{f), 
else. 


All together we obtain (3{P) = zz,({6r-i, ■ • ■, &i}) and /3(Q) = iL{{br- 2 , ■ ■ ■ ,bi, y}). 
This finishes the proof. □ 


5. A VANISHING RESULT 


Theorem 5.1. Let k be a field and X a smooth equidimensional k-scheme of di¬ 
mension d, D an effective Cartier divisor on X such that Ured is a simple nor¬ 
mal crossing divisor. For n > 1 and m = € N" define the divisor 

Em ■= nij • <1* {0} on , where qi : AJ! A^ denotes the projection to the 

i-th factor. Denote by p : X xA'^ ^ X the projection map and set Em,x '■= Xx Em- 
Then: 

( 1 ) 


Trd+r+l 


(X X A1|A(™+i),x,Z(t)) = ^ 


0, if m = 0, 

ifm>l. 

(2) For all n >2 and all m G 

X A-\{p*D + Em,x)Mr)) = 0- 

Proof. By Theorem 13.81 ([2|). it suffices to prove the corresponding Nisnevich state¬ 
ment of ©• Therefore, we will work in the Nisnevich topology and with the 
Nisnevich sheafification of the relative Milnor AT-theory for the rest of the proof 
and drop the index Nis everywhere. Set 

Wp*D+Em ■— ^r,A5.|(p*D+£;„,x)’ 

We have 

(5.1.1) ff^(A^,/C“ ^ 1 ^^ = 0, for all j. 

Indeed, by Proposition 12.101 Qg, = where i : X x {0} ^ A x A^ is the 

closed immersion. Therefore, the natural map 


is an isomorphism for all j by homotopy invariance. Hence (I5.1.1|) follows from the 
long exact cohomology sequence induced by 




/C: 


M 


Qei 


0 . 


This gives the vanishing for m = 0 in ([T|) , by Theorem 13.81 By Theorem 14.81 we 
have an exact sequence 


0 






0 . 
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Hence the statement for m > 1 in o, follows from Theorem 13.81 and (I5.1.1|l . 

Next we prove (l2|). Notice that the general case is implied by the case n = 2. 
For m € we have an exact sequence 






M 


r,Aj^\{p* D-\-Em,x) 




where we abbreviate by Here, the two outer terms vanish by 

homotopy invariance and the Nisnevich version of Grothendieck’s general vanishing 
theorem. By Theorem 13.81 we therefore have to show 

i7"*+^(A|.,Qp.£,+_E„) = 0. 


We have an exact sequence 

0 


itM 

I {p* -Dred +-Em ,X,red ) 


/c 


M 


Qp* 


p*D-\-En 


X : jQM 


y'M 


.\{p*D-\-Em,x) 

Thus the statement follows from the two claims: 

/ jtM 

, , . / , A2 

(5.1.2) 


1C 


M 


T jAjj^ I (p* £^rn,X,red ) 


= 0 . 


T ^Ajj^ I (p* A^red “I"-^m,X,red ) , 


(5.1.3) 


^d+i 



)(-M 

|(p*Dred+U'm,x,red) 

IrM 

r,A%\{p*D+Em,x) 


= 0 . 


We prove the vanishing (I5.1.2|) . We do induction on the number of irreducible 
components of D. First assume D = 0. If m = (0, 0), there is nothing to prove. If 
m = (1,0) or (0,1), then the term in (I5.1.2|) is equal to ), by Propo¬ 

sition [5301 hence it vanishes by homotopy invariance and the Nisnevich version of 
Grothendieck’s general vanishing theorem. If m = (1,1), we have by Proposition 
12.101 an exact sequence 






r,A% 


ip 


1C, 


M 


-A 0 . 


Hence the vanishing of ) of the middle part follows from (15.1.ID and 

homotopy invariance as before. If H ^ 0, let Di be one of its irreducible components 
and write Hred = Di + D', where D' is reduced and effective. By Proposition [530] 

A 2 


(5.1.4) 


if-M 

r,Ax\p*D'+Em,x„^ 
A^ I (p* i'red -l-Um,X,red ) 


— 


/c 


M 


’'Adj |(P*(D'nDi)red-|-£^m,ni,red) ^ 


where ii : A|j^ ^ is the closed immersion. We have ) = 

0 by homotopy invariance and ^ 

dimension reasons. This implies the vanishing (l5.1.4D i = 0. Hence we 

are reduced to prove the vanishing (15.1.2D with D replaced by D'. We conclude by 
induction. 

We prove the vanishing (15.1.3D . Consider the sheaf 

, j^-i__ s-i 

with the notations from 12.4.31 and define as in 12.4.41 with s = 0, in case 

k has characteristic 0. If {p*D -|- Em,x)v is one of the irreducible components of 
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p*D, set Xi, := Di, x A^, if it is an irreducible component of Em,x set Xi, := X. 
Then is a locally free sheaf on X^ x and is a subsheaf. By Propo¬ 

sition [235] and Theorem HHI the sheaf 

is a successive extension of the sheaves ^ for certain s,n, u. Since 

X = 0, for dimension reasons, it suffices to show 

(5.1.5) H‘^+\X,xA\ujI-^)=0. 


Denote by a : X^, x A^ —>• X^ and by b : X^, x A^ —>• A^ the projection maps. Since 
(log{0})(—m-{0}) = OaU it follows directly from the definition of in l2.4.3l 

that there exist locally free sheaves uX~^ and on X^^ possibly of rank 0, such 
that 




We have ioi i = r — l,r — 2 


H‘^+\X^ X A\a*wO = H°{A\R‘^+%{a*u;^)) = k[t] H‘^+\X^,u}^) = 0, 


where the first equality follows from the Leray spectral sequence, the second from 
flat base change and the vanishing holds for dimension reasons. This yields the 
vanishing (I5.1.5|) and hnishes the proof. □ 


Remark 5.2. Let X be an equidimensional fc-scheme of dimension d and D an 
effective Cartier divisor on X. By [KP151 Thm 5.11] we have the vanishing x 

A'^\{p*D A Em),r — {d + n)) = 0, for all r, all n > 2, and all m G (N>i)". In 
particular, if the assumptions of Theorem 15.II are satisfied, the natural map 

CH3X X A”|(p*D + Em),r- (d + n)) ^ x A”|(p*D + A,^),Z(r)) 

is bijective. 
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